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ABsTRACT. We extend our recent result [22] on the central limit theorem for the linear eigenvalue
statistics of non-Hermitian matrices X with independent, identically distributed complex entries to
the real symmetry class. We find that the expectation and variance substantially differ from their
complex counterparts, reflecting (i) the special spectral symmetry of real matrices onto the real
axis; and (ii) the fact that real iid. matrices have many real eigenvalues. Our result generalizes
the previously known special cases where either the test function is analytic [49] or the first four
moments of the matrix elements match the real Gaussian [59, 44]. The key element of the proof is
the analysis of several weakly dependent Dyson Brownian motions (DBMs). The conceptual novelty
of the real case compared with [22] is that the correlation structure of the stochastic differentials in
each individual DBM is non-trivial, potentially even jeopardising its well-posedness.

1. INTRODUCTION

We consider an ensemble of n x n random matrices X with real i.i.d. entries of zero mean and
variance 1/n; the corresponding model with complex entries has been studied in [22]. According
to the circular law [6, 58, 38] (see also [11]), the density of the eigenvalues {o;};-; of X converges
to the uniform distribution on the unit disk. Our main result is that the fluctuation of their linear
statistics is Gaussian, i.e.

Lu(f) := 3 o)) =B f(o:) ~ N(0,V5) ()

converges, as n. — 0o, to a centred normal distribution for regular test functions f with at least
2 + ¢ derivatives. We compute the variance V; and the next-order deviation of the expectation
EY ", f(0:) from the value Z o<1 (z) given by the circular law. As in the complex case, both
quantities depend on the fourth cumulant of the single entry distribution of X, but in the real case
they also incorporate the spectral symmetry of X onto the real axis. Moreover, the expectation
carries additional terms, some of them are concentrated around the real axis; a by-product of the
approximately y/n real eigenvalues of X. For the Ginibre (Gaussian) case they may be computed
from the explicit density [27, 26], but for general distributions they were not known before. As
expected, the spectral symmetry essentially enhances V; by a factor of two compared with the
complex case but this effect is modified by an additional term involving the fourth cumulant. Pre-
vious works considered either the case of analytic test functions f [48, 49] or the (approximately)
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2 FLUCTUATION AROUND THE CIRCULAR LAW

Gaussian case, i.e. when X is the real Ginibre ensemble or at least the first four moments of the
matrix elements of X match the Ginibre ensemble [59, 44]. In both cases some terms in the unified
formulas for the expectation and the variance vanish and thus the combined effect of the spectral
symmetry, the eigenvalues on the real axis, and the role of the fourth cumulant was not detectable
in these works. We remark that a CLT for polynomial statistics of only the real eigenvalues for real
Ginibre matrices was proven in [56].

In 53] the limiting random field L(f) := limy— oo L (f) for complex Ginibre matrices has been
identified as a projection of the Gaussian free field (GFF) [55]. We extended this interpretation [22]
to general complex i.i.d. matrices with non-negative fourth cumulant and obtained a rank-one
perturbation of the projected GFF. As a consequence of the CLT in the present paper, we find that
in the real case the limiting random field is a version of the same GFF, symmetrised with respect to
the real axis, reflecting the fact that complex eigenvalues of real matrices come in pairs of complex
conjugates.

In general, proving CLTs for the real symmetry class is considerably harder than for the complex
one. The techniques based upon the first four moment matching [59, 44] are insensitive to the
symmetry class, hence these results are obtained in parallel for both real and complex ensembles.
Beyond this method, however, most results on CLT for non-Hermitian matrices were restricted to
the complex case [25, 33, 47, 51, 52, 54, see the introduction of [22] for a detailed history, as well as for
references to the analogous CLT problem for Hermitian ensembles and log-gases. The special role
that the real axis plays in the spectrum of the real case substantially complicates even the explicit
formulas for the Ginibre ensemble both for the density [26] as well as for the k-point correlation
functions [37, 12, 42]. Besides the complexity of the explicit formulas, there are several conceptual
reasons why the real case is more involved. We now explain them since they directly motivated
the new ideas in this paper compared with [22].

In [22] we started with Girko’s formula [38] in the form given in [59] that relates the eigenvalues
of X with resolvents of a family of 2n x 2n Hermitian matrices

. 0 X -z
H? := <X* = ) (1.2)

parametrized by z € C. For any smooth, compactly supported test function f we have
Zf(ai) = —%/ Af(z)/ S Tr G*(in) dnd’z, (1.3)
i=1 TJo 0
where G*(w) := (H? — w)~! is the resolvent of H*. We therefore needed to understand the
resolvent G*(in) along the imaginary axis on all scales € (0, c0).

The main contribution to (1.3) comes from the n ~ 1 macroscopic regime, which is handled by
proving a multi-dimensional CLT for resolvents with several z and n parameters and computing
their expectation and covariance by cumulant expansion. The local laws along the imaginary axis
from [2, 3] serve as a basic input (in the current work, however, we need to extend them for spectral
parameters w away from the imaginary axis). The core of the argument in the real case is similar
to the complex case in [22], however several additional terms have to be computed due to the
difference between the real and complex cumulants. By explicit calculations, these additional terms
break the rotational symmetry in the z parameter and, unlike in the complex case, the answer is
not a function of |z| any more. The mesoscopic regime n~" < n < 1 is treated together with the
macroscopic one; the fact that only the n ~ 1 regime contributes to (1.3) is revealed a posteriori
after these calculations.

The scale n < n~' in (1.3) requires a very different treatment since local laws are not applicable
any more and individual eigenvalues 0 < A} < A3 ... of H* near zero substantially influence the
fluctuation of G*(in) (since H” has a symmetric spectrum, we consider only positive eigenvalues).
The main insight of [22] was that it is sufficient to establish that the small eigenvalues, say, A} and
A7, are asymptotically independent if z and 2’ are relatively far away, say |z — 2| > n~!/!%°_ This
was achieved by exploiting the fast local equilibration mechanism of the Dyson Brownian motion
(DBM), which is the stochastic flow of eigenvalues A*(t) := {\?(t)} generated by adding a time-
dependent Gaussian (Ginibre) component. The initial condition of this flow was chosen carefully
to almost reproduce X after a properly tuned short time. We needed to follow the evolution of
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A*(t) for different z parameters simultaneously. These flows are correlated since they are driven
by the same random source. We thus needed to study a family of DBMs, parametrized by z, with
correlated driving Brownian motions. The correlation structure is given by the overlap of the
eigenfunctions of H* and H*. We could show that this overlap is small, hence the Brownian
motions are essentially independent, if z and 2’ are far away. This step required to develop a new
type of local law for products of resolvent, e.g. for Tr G* (in)GZ, (in') withn, ' ~ n~ 1", Finally, we
trailed the joint evolution of A*(¢) and A*' (¢) by their independent Ginibre counterparts, showing
that they themselves are asymptotically independent.

We follow the same strategy in the current paper for the real case, but we immediately face with
the basic question: how do the low lying eigenvalues of H*, equivalently the small singular values
of X — z, behave? We do not need to compute their joint distribution, but we need to approximate
them with an appropriate Ginibre ensemble. For complex X in [22] the approximating Ginibre
ensemble was naturally complex. For real X there seem to be two possibilities. The key insight of
our current analysis is that the small singular values of X — z behave as those of a complex Ginibre
matrix even though X is real, as long as z is genuinely complex (Theorem 2.8). In particular, we
prove that the least singular value of X — z belongs to the complex universality class. Moreover, we
prove that the small singular values of X —z; and the ones of X —z; are asymptotically independent
as long as z1 and 23 are far from each other.

To explain the origin of this apparent mismatch, we will derive the DBM
dv; 1 14+ A3

;= ]
vno 2n ot A — A2

dt + ... (1.4)

for A\*(t), ignoring some additional terms with negative indices coming from the spectral symme-
try of H? (see (7.14) and (B.15) for the precise equation). The correlations of the driving Brownian
motions are given by

z B 1 z,z’ z,E’
Edb; dbj = 5[07" + 677 ] dt (15)
with overlaps ©, A defined as
07 = AR[(u] ,ui)(vi,v] )], A =67 (1.6)

where (u},v?) € C®™ is the (normalized) eigenvector of H* corresponding to the eigenvalue \?.
Note that (9;?2 = d;j,and for j # i we have that A}; ~ 0. Moreover, if z is very close to the real axis,
then the eigenvectors of H* are essentially real and A, = ©77 ~ ©7;° = 1. With z = 2/, this leads
to (1.4) being essentially a real DBM with 8 = 1. (We recall that the parameter 5 = 1, 2, customarily
indicating the real or complex symmetry class of a random matrix, also expresses the ratio of the
coeflicient of the repulsion to the strength of the diffusion in the DBM setup.) However, if z and z
are far away, i.e. z is away from the real axis, then we can show that the overlap A* = ©* is small,
hence A; ~ 0 for all 4, j, including + = j. Thus the variance of the driving Brownian motions
in (1.5) with z = 2’ is reduced by a factor of two, rendering (1.4) essentially a complex DBM with
B =2

The appearance of A* in (1.4) and the second term ©7 in (1.5) is specific to the real symmetry
class; they were not present in the complex case [22]. They have three main effects for our analysis.
First, they change the symmetry class of the DBM (1.4) as we just explained. Second, due to the
symmetry relation A\* ; = —\{ and b, = —b§, the strength of the level repulsion between A and
A%, in (1.4) is already critically small even for A* = 0, see e.g. [18, Appendix A], hence the well-
posedness of (1.4) does not follow from standard results on DBM. Third, ©*% renders the driving
Brownian motions b* = {b;} correlated for different indices ¢ even for the same z, since Aj; in
general is nonzero. In fact, the vector b* is even not Gaussian, hence strictly speaking it is only a
multidimensional marfingale but not a Brownian motion in general. In contrast, ©7;° = 4; ; and
only the overlaps ©7;* for different z # 2 are nontrivial. Thus in the complex case [22], lacking
the term ©* in (1.5), the DBM (1.4) for any fixed z was the conventional DBM with independent
Brownian motions and parameter 3 = 2 (c.f. [22, Eq. (7.15)]) and only the DBMs for different 2’s
were mildly correlated. In the real case the correlations are already present within (1.4) for the
same z due to A* = ©%% £ (.
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We note that Dyson Brownian motions with nontrivial coefficients in the repulsion term have
already been investigated in [17] (see also [19]) in the context of spectral universality of addition of
random matrices twisted by Haar unitaries, however the driving Brownian motions were indepen-
dent. The issue of well-posedness, nevertheless, has already emerged in [17] when the more critical
orthogonal group (3 = 1) was considered. The corresponding part of our analysis partly relies on
techniques developed in [17]. We have already treated the dependence of Brownian motions for
different 2’s in [22] for the complex case; but the more general dependence structure characteristic
to the real case is a new challenge that the current work resolves.

Acknowledgement. We are grateful to Peter Forrester for pointing out a missing term in (2.8) in
the original manuscript.

Notations and conventions. We introduce some notations we use throughout the paper. For
integers k € N we use [k] := {1,...,k}. We write H for the upper half-plane H := {z € C |
Sz > 0}, D C C for the open unit disk, and we use the notation d?z := 27 'i(dz A dZ) for the
two dimensional volume form on C. For positive quantities f, g we write f < gand f ~ g if
f < Cgandcg < f < Cg, respectively, for some constants ¢, C > 0 which depend only on the
model parameters appearing in (2.1). For any two positive real numbers w.,w* € R4, by w, < w*
we denote that w, < cw™ for some sufficiently small constant 0 < ¢ < 1/1000. We denote vectors
by bold-faced lower case Roman letters «,y,...,€ C*, for some k& € N, and use the notation
da := dzx1 ...dzy. Vector and matrix norms, ||z|| and || A, indicate the usual Euclidean norm and
the corresponding induced matrix norm. For any k x k matrix A we set (A) := k= Tr A to denote
the normalized trace of A. Moreover, for vectors @,y € C* and matrices A, B € C*** we define

(@y) =Y Ty, (A B)i= (A"B) = %TrA*B.

We will use the concept of “event with very high probability” meaning that for any fixed D > 0 the
probability of the event is bigger than 1 — n=" if n > no(D). Moreover, we use the convention
that £ > 0 denotes an arbitrary small exponent which is independent of n.

2. MAIN RESULTS

We consider real i.i.d. matrices X, i.e. n X n matrices whose entries are independent and iden-
tically distributed as 4 < =12y for some real random variable y, satisfying the following:

Assumption 2.1. We assume that E x = 0 and E x* = 1. In addition we assume the existence of high
moments, i.e. that there exist constants C, > 0, for any p € N, such that

Ex|” < Cp. (2.1)

The circular law [6, 7, 11, 39, 10, 36, 38, 50, 58] asserts that the empirical distribution of eigenvalues
{03}, of a complex ii.d. matrix X converges to the uniform distribution on the unit disk D, i.e.

lim lZf(m-) = l/ f(z)d?z, (2.2)
i T Jp

with very high probability for any continuous bounded function f. Our main result is a central
limit theorem for the centred linear statistics

Ln(f) =3 _flo) =E}_ f(o:) (23)

for general real i.i.d. matrices and generic test functions f, complementing the recent central limit
theorem [22] for the linear statistics of complex i.i.d. matrices. This CLT, formulated in Theorem 2.2,
and its proof have two corollaries of independent interest that are formulated in Section 2.1 and
Section 2.2.
In order to state the result we introduce some notations. For any function h defined on the
boundary of the unit disk 9D we define its Fourier transform as
R 1 f2r

h(k) = — h(e'?)e %% de, keZ. (2.4)

:27r0
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For f, g € H**9(Q) for some domain Q O D we define
(9, f>H1/2(aD) = Z|k|§(k)f(k)7 Hf”i]l/?(a])) = (f, f>H1/2(aD)7
kezZ (2.5)
<97f>H(}(D) =(Vg9, V)2, ||f”§{5(D) = (f, f>Hé(D)7
where, in a slight abuse of notation, we identified f and g with their restrictions to D. We use
the convention that f is extended to C by setting it equal to zero on Q°. Finally, we introduce the

projection
z)+ f(z
(P f)(2) 1= M (2.6)
which maps functions on the complex plane to their symmetrisation with respect to the real axis.

Theorem 2.2 (Central Limit Theorem for linear statistics). Let X be a real n x n i.i.d. matrix
satisfying Assumption 2.1 with eigenvalues {o;};—,, and denote the fourth cumulant' of x by k4 =
E x* — 3. Fix § > 0, let Q C C be open and such that D C Q. Then, for complex-valued test functions
f € H*"%(Q), the centred linear statistics L,,(f), defined in (2.3), converge

Ln(f) = L(f),

to complex Gaussian random variables L(f) with expectation E L(f) = 0 and variance E|L(f)|* =
C(f,f) =V;yand EL(f)* = C(f, f), where

1
Clg, ) = 5V Poymg, VPymf)12(D) + (Paymg, Poym ) gr1/2 om)

+ka <%/D@d2z— %/:ﬂ g(eie)de) (%/Df(z)d?z— %/:ﬁ f(ei@)da)

27)
For the k-th moments we have an effective convergence rate of
E Lo(f) L) = EL()L() +0(n*0)
for some constant c(k + 1) > 0. Moreover, the expectation in (2.3) is given by
E Z floi) = E(f)+O(n™°)
._n 2 1 JRz) = f(2) 2 Ka 2 2
1 2 | L[t 1 -1
+§/DA)‘.(Z)dZ—%/O f(ee)dé?—&—%/_l —Jll‘(f)ladm"f'f()tlf( )
(2.8)

for some small constant ¢ > 0.

Remark 2.3.

(i) Both expectation E(f) and covariance C(g, f) only depend on the symmetrised functions Puym f
and Psymg. Indeed, E(f) = E(Psym ), and the coefficient of k4 in (2.7) can also be written as
an integral over Psym f and Paymg.

(ii) By polarisation, a multivariate central limit theorem as in [22, Corollary 2.4] follows immediately
and any mixed k-th moments have an effective convergence rate of order n=°™.

(iii) The variance V; = E|L(f)|? in Theorem 2.2 is strictly positive whenever f is not constant on
the unit disk (see [22, Remark 2.3]).

Remark 2.4 (Comparison with [44] and [49]).

(i) The central limit theorem [44, Theorem 2] is a special case of Theorem 2.2. Indeed, [44, Theorem
2] implies that for real i.i.d. matrices with entries matching the real Ginibre ensemble to the

'Note that in the real case the fourth cumulant is given by k4 = &(x, X, X, X) = Ex* — 3, while in the complex
case [22] the relevant fourth cumulant was given by k(x, X, X, X) = E|x|* — 2.
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fourth moment, and real-valued smooth test functions f compactly supported within the upper
half of the unit disk L, (f) converge to a real Gaussian of variance

1 1
E<Vf7 Vi)em = g(vpsymfv VPSymf>L2(D)7 (2.9)

where we used that z — f(z) and z — f(Z) are assumed to have disjoint support. Due to the
moment matching assumption, ka4 = 0 in the setting of [44].

(ii) The central limit theorem [49, Corollary 2.6] is also a special case of Theorem 2.2. Indeed, [49,
Corollary 2.6] implies that for real i.i.d. matrices and test functions f which are analytic in a
neighbourhood of the unit disk and satisfy Psym f: D — R the linear statistics L (f) converge
to a Gaussian of variance

= [ 105 @ = V£V iy + 3 Dirraom)

= EWPsymﬁ VEBymf)r2o) + (Poymf, Pym ) g1/2(op)-

Here in the first step we used the analyticity of f (see [22, Eq. (211)]), and in the second step
we used that (Vf)(z),(Vf())(z)) = 0 and that f(k) = 0 for k < 0 while f(?)(k) = 0 for
k > 0 by analyticity. We thus arrived at (2.7), since the coefficient of k4 in (2.7) vanishes also by
analyticity of f in the setting of [49].

Remark 2.5 (Comparison with the complex case). We remark that the limiting variance in the case
of complex i.i.d. matrices, as studied in [22], is generally different from the real case. In the complex case
L (f) converges to a complex Gaussian with variance

() _ y(c1 (C,2)
Vf = Vf + /14Vf ,

c1 . 1 2 1, .2 (c2) . 2
VIOV = IV ey + 51 B0y VI = D = (fonl?,

where (-)p denotes the averaging over D as in (2.7). In contrast, in the real case the limiting variance is
given by
(R) _ (C1) (C,2)
V = QVP f + R4Vf .

sym
Thus the variances agree exactly in the case of analytic test functions by (2.9) and Vf(c’Q) = 0, while
e.g. in the case of symmetric test functions, f = Psym [ and vanishing fourth cumulant k4 = 0 the real
variance is twice as big as the complex one, V(R) 2V(C)

Remark 2.6 (Real correction to the expected circular law). In [26, Theorem 6.2] Edelman computed
the density of genuinely complex eigenvalues of the real Ginibre ensemble to be

i) = 4 221 ety 1) (210)

in terms of the upper incomplete Gamma function I'(s, z). Using the large n asymptotics uniform in
z = x + iy for the incomplete Gamma function [61, Eq. (2.2)] we obtain

pn(z) =4/ 2—”|Sz|e2"(gz)2 erfc(vV2n|Sz|) erfe (sgn(|z| —1vn(|z2 -1 - 2log|z|))7
7

which, using asymptotics of the error function for any fixed |z| < 1,

2n 2n(3z2)? 1 1
1/ ?|$z|e I erfe(V2n|Sz|) & % Bnn (SR

11 1 .

pn(z) = — = T (52)° +o(n™),
in agreement with the second term in the rhs. of (2.8) accounting for the n™'-correction to the circular
law away from the real axis.

The situation very close to the real axis is much more subtle. The density of the real Ginibre eigenval-
ues is explicitly known [27, Corollary 4.3] and it is asymptotically uniform on [—1, 1], see [27, Corollary
4.5, giving a singular correction of mass of order n=/? to the circular law. However, the abundance of
real eigenvalues is balanced by the sparsity of genuinely complex eigenvalues in a narrow strip around

the real axis — a consequence of the factor |y| in (2.10). Since these two effects of order n='/? cancel

gives that
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each other on the scale of our test functions f, they are not directly visible in (2.8). Instead we obtain a
smaller order correction of order n™" specific to the real axis, in form of the second, the penultimate and
the ultimate term in (2.8).

Remark 2.7 (Special case: Polynomial test functions). We remark that in [35, 57] exact n-dependent
formulae for ETr X* = E Y, of and real Ginibre X have been obtained. Translated into our scaling
it follows from [35, Corollary 4] that

1, k
ETrXF = {07 . 61;;717 + ox(1) (2.11)
b 0 b

forintegers k > 1, as n — oo (note that the trace is unnormalised). The asymptotics (2.11) are consistent
with (2.8) since

1 k _1\k 1 k
/ Azk d2Z = 07 / Zk d2Z = 07 / (619)]’C d9 = 07 71 * ( 1) = 27 even,
D D —1 4

0, kodd,
and
1 (R2)* — 2* A2 — % — 27k (’2721), k even, 1 /1 z* do — 2~k ('2721), k even,
dm Jp  (82)? 0, kodd, = 27 ) 1 V1—2a? 0, k odd.

2.1. Connection to the Gaussian free field. Ithasbeen observed in [53] that for complex Ginibre
matrices the limiting random field L(f) can be viewed as a projection of the Gaussian free field
(GFF) [55]. In [22, Section 2.1] we extended this interpretation to general complex i.i.d. matrices
with x4 > 0 and provided an interpretation as a rank-one perturbation of the projected GFF. The
real case yields the symmetrised version of the same GFF with respect to the real axis, reflecting
the fact that the complex eigenvalues of real matrices come in pairs of complex conjugates. We
keep the explanation brief due to the similarity to [22, Section 2.1].

The Gaussian free field on C is a Gaussian Hilbert space of random variables h(f) indexed by
functions in the Sobolev space f € H{(C) such that the map f ~— h(f) is linear and

En(f) =0, Er(f)h(9) = {},9)uic) = (VS V) r2c)- (212)
The Sobolev space H(C) = C’g"(C)”'HH%(C) can be orthogonally decomposed into
Hy(D) & Hy (D) & Hy(DUD")*,

i.e. the Hj-closure of smooth functions which are compactly supported in D or D, and their
orthogonal complement H{ ((8D)¢)*, the closed subspace of functions analytic outside of 9D (see
e.g. [55, Thm. 2.17]). With the orthogonal projection P onto the first and third of these subspaces,

P = Pyiy + Pui(op)e)+
we have (see [22, Eq. (2.13)])
1P fr3 ) = 1 Iz oy + 271 r1s2 oy (2.13)

If k4 > 0, then L can be interpreted as
. 1
V2

where = is a standard real Gaussian, independent of 4, and the projection of h is to be interpreted
by duality, i.e. (PPsymh)(f) := h(PPsym [f), cf. [22, Eq. (2.15)]. Indeed,

L PPaymh + \/m_4(<->D - <'>8D)E, (2.14)

2

L —C(f, 1),

oz

as a consequence of (2.12) and (2.13).

E h(PPoym f) + VEa((f)p = (f)oD)Z
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2.2. Universality of the local singular value statistics of X — z close to zero. As aby-product
of our analysis we obtain the universality of the small singular values of X — z, and prove that (up
to a rescaling) their distribution asymptotically agrees with the singular value distribution of a
complex Ginibre matrix X if z ¢ R, even though X is a real iid. matrix. In the following by
{A7}icn) we denote the singular values of X — z in increasing order.

It is natural to express universality in terms of the k-point correlation functions p]i"z which are
defined implicitly by

-1
E <Z> D N = /R f@py (@) de, (215)
{i1,..

i }C[n]

for test functions f. The summation in (2.15) is over all the subsets of k distinct integers from [n].
Denote by p](f"’c) the scaling limit of the k-point correlation function p,(c”’c) of the singular values
of a complex n x n Ginibre matrix X. See e.g. [34, Egs. (2.3)-(2.4)] or [9, Eq. (1.3)] for the explicit
expression of pgfo’c).

Theorem 2.8 (Universality of small singular values of X — 2). Fix 2 € C with |3z| ~ 1, and |z| <
1 — ¢ for some small fixed € > 0. Let X be an i.i.d. matrix with real entries satisfying Assumption 2.1,
and denote by p* the self consistent density of states of the singular values of X — z (see (3.3) later). Then

for any k € N, and for any compactly supported test function F' € CX(R¥), it holds

F@) |07 (2 ) @) | ae = 0 (). (2.16)

where c(k) > 0 is a small constant only depending on k. The implicit constant in O(-) may depend on
k, ||Fllc1, and Cyp from (2.2).

Rk

Remark 2.9. Theorem 2.8 states that the local statistics of the singular values of X — z close to zero,
for |Sz| ~ 1, asymptotically agree with the ones of a complex Ginibre matrix X, even if the entries of
X are real i.i.d. random variables. It is expected that the same result holds for all (possibly n-dependent)
z as long as |Sz| > n~'/2, while in the opposite regime |3z| < n~/? the local statistics of the real
Ginibre prevails with an interpolating family of new statistics which emerges for |Sz| ~ n="/2.

Besides the universality of small singular values of X — z, our methods also allow us to conclude
the asymptotic independence of the small singular values of X — z; and those of X — z; for generic
21, z2. More precisely, similarly to (2.15), we define the correlation function pé??zu ko2, fOT the
singular values of X — z; and X — z, implicitly by

1 1
" " LAR) = (n)
. <kl> <k2> {i Z T 7>\j )= /Rh Az /sz da f(ml’mQ)pkhznkz,zz (1, 2),
i1,..

iy }C[n]
{415--.0ky }Cln]

(217)
for any test function f, and any k1, k2 € N, where we used the notations AJ' := (A7}, ..., A7} )
1
Zo . z z
and A7? == (\77,..., )\j; ).

Theorem 2.10 (Asymptotic independence of small singular values of X —z1, X —22). Let 21,22 € C
be as z in Theorem 2.8, and assume that |z, — 22|, |21 — Z2| ~ 1. Let X be an i.i.d. matrix with real
entries satisfying Assumption 2.1, then for any k1, k2 € N, and for any compactly supported test function
F € CL(RF), with k = ki + ko, using the notation x = (x1, x2), with 2; € R*, it holds

1 (n) T1 T2 (00,C) (00,C) _ —e(k)
F(z) |:(pzl)k1(p22)k2 Piy,z1k,22 np*’ np=2 — Py, (wl)pkz (x2)| dx =0 (n ¢ ) )
(2.18)

where p*t = p*1(0), and c(k) > 0 is a small constant only depending on k. The implicit constant in
O(-) may depend on k, ||F||c1, and C), from (2.1).

Rk

Remark 2.11. We stated Theorem 2.8 for two different z1, zo for notational simplicity. The analogous
result holds for any finitely many z1, . .., zq such that |21 — zm|, |21 — Zm| ~ 1, with [, m € [q].
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3. PROOF STRATEGY

The proof of Theorem 2.2 follows a similar strategy as the proof of [22, Thm. 2.2] with several
major changes. We use Girko’s formula to relate the eigenvalues of X to the resolvent of the 2n x 2n

matrix
0 X -z
H? = .

the so called Hermitisation of X — z. We denote the eigenvalues of H*, which come in pairs sym-
metric with respect to zero, by {\1;};c(n). The local law, see Theorem 3.1 below, asserts that the
resolvent G(w) = G*(w) = (H? — w)~" of H* with n = Sw # 0 becomes approximately deter-
ministic, as n — oco. Its limit is expressed via the unique solution of the scalar equation

nSm*(w) >0, n=Sw#0, (32)

which is a special case of the matrix Dyson equation (MDE), see e.g. [1] and (5.1) later. Note that on
the imaginary axis m*(in) = iSm?(in). We define the self-consistent density of states of H* and its
extension to the upper half-plane by

z z . z 1 z
p*(E) = p*(E +10), pr(w) = —Im*(w). (3)
In terms of m* the deterministic approximation to G* is given by the 2n x 2n block matrix
sy [ (W) —zuF(w) sy Mo (w)
M (U}) T <Euz(w) mz(w) > ] U (U}) T w + mz(w)7 (34)

where each block is understood to be a scalar multiple of the n x n identity matrix. We note that
m,u, M are uniformly bounded in z, w, i.e.

17 ()| + [m* (w)| 1, [u(w)] < [m* (w)[* + |u* (w)[*|2]* < 1, (3:5)

see e.g. [22, Egs. (3.3)-(3.5)].

The local law for G*(w) in its full averaged and isotropic form has been obtained for w € iR
in [2] for the bulk regime |1 — |z|| > € and in [3] for the edge regime |1 — |z|| < e. In fact, in the
companion paper [22] on the complex CLT the local law for w on the imaginary axis was sufficient.
For the real CLT, however, we need its extension to general spectral parameters w in the bulk
|1 — |z|| > € case that we state below. We remark that tracial and entry-wise form of the local law
in Theorem 3.1 has already been established in [16, Theorem 3.4].

Theorem 3.1 (Optimal local law for G). For any e > 0 and z € C with |1 — |z|| > e the resolvent
G* at w € H with nn = Sw is very well approximated by the deterministic matrix M? in the sense that

(G (w) - M ()] < CUAIE
" o1 1 (3.6)
(G () = M @))] < Clal ' (= + ).

with very high probability for some C. < ¢~ %, uniformly for n > n='%, |1 — |2|| > ¢ and for any

deterministic matrices A and vectors x,y, and £ > 0.

Remark 3.2 (Cusp fluctuation averaging). For w € iR we may choose C. = 1 by [3, Theorem 5.2]
which takes into account the cusp fluctuation averaging effect. Since it is not necessary for the present
work we refrain from adapting this technique for general w and rather present a conceptually simpler
proof resulting in the e-dependent bounds (3.6).

As in [22] we express the linear statistics (1.1) of eigenvalues o; of X through the resolvent G*
via Girko’s Hermitisation formula (1.3)

L) = 1= /c Af () [togldet(H* —iT)] — Blogldet (H* —iT)]| a2

Lo [([ [ ) e - ey an @t 67

S+ I+ I+ I
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for no = n=17%, 5. = n='*% and T = n'%, where Jr in (3.7) corresponds to the rhs. of the
first line in (3.7) whilst Ij/°, I7c, I ,YTC correspond to the three different n-integrals in the second line
of (3.7). Here we used that by spectral symmetry of H? it follows that (G*(in)) € iR and therefore
$(G*(in)) = (G*(in))/iin order to obtain (3.7) from (1.3). The regime Jr can be trivially estimated
by [22, Lemma 4.3], while the regime I7° can be controlled using [60, Thm. 3.2] as in [22, Lemma 4.4]
(see [22, Remark 4.5] for an alternative proof). Both contributions are negligible. For the main term

Il" we prove the following resolvent CLT.

Proposition 3.3 (CLT for resolvents). Let ¢ > 0, n1,...,mp > 0, and z1,...,2, € C be such
that for any i # j, min{n:,n;} > n°"'|2; — ;|72 Then for any € > 0 the traces of the resolvents
Gi = G*i(in;) satisfy an asymptotic Wick theorem

E[[G -EG)= > [[ EG:-EG)G, -EG)+0(¥)
i€[p] PePairings([p]) {#,j}€P
1 ‘7,',]' + k4U;U; O (.8
== > [[ =——+ow.
PePairings([p]) {¢,j}€P
where
nt 1 1 1 1
‘I/ = —_— % = i 3y .
()72 minis e — 2,8 [[[](u TG e e 69)
i€[p
and Vi j = V(zi, zj,mi,m;) and U; = U(zi,m:) are defined as
Vi(zi, zj,mi,m5) i=V (26, 25,mi,m5) + V(21 %5,m6,m5)
1 —
V(265 255 My ;) = 500,00, log[1+ (uivglzi|z))* — mim] — 2uiu;Rz77], (3.10)
i 2
U ZiyMi) ‘= —0 i iy
( 77) \/i m
with m; = m® (in;) and u; = v*i (in;) from (3.2)—(3.4).
Moreover, the expectation of the normalised trace of G = G; is given by
1 1 1 1
EG =M)+E+0 .
@ =n+e+o( (e o) (et @p)) 69
where ' '
. 1K4 4 1 2 3112 20,2 | =2
&= in On(m™) + 4n8n log(l uw +2u7|z|]" —u (2" 4+ Z )) (3.12)

Proposition 3.3 is the real analogue of [22, Prop. 3.3]. The main differences are that (i) the V-term
for the variance appears in a symmetrised form with z; and z7, (ii) the error term (3.9) deteriorates
as Qz; & 0, and (iii) the expectation (3.11) has an additional subleading term which is even present
in case k4 = 0 (second term in (3.12)).

Finally, in order to show that I;’c in (3.7) is negligible, we prove that (G*! (in1)) and (G*2(in2))
are asymptotically independent if 21, 22 and 21, Z» are far enough from each other, they are far away
from the real axis, they are well inside D, and no < 71,72 < 7n.. These regimes of the parameters
21, z2 represent the overwhelming part of the d*21 d°z» integration in the calculation of E|I]¢|°.
The following proposition is the direct analogue of [22, Prop. 3.5].

Proposition 3.4 (Independence of resolvents with small imaginary part). Fix p € N. For any
sufficiently small wy,,wq > 0 there exist wy, do, 61 With wp, < I < wi K 1, for m = 0, 1, such that
for any choice of z1, . .., zp with

—Wd wq

|21 S1=n"“" |zt — 2| 2079 |21 — Zm| > 079, |2 — 27| >0~

with I,m € [p], | # m, it follows that

(3.13)

nP@n+80)+d1
nwx ’

E[[(G* (i) = [[E(G™ (im)) + 0(
=1 =1

forany mi,...,np € [n"17% nTito,
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As in the complex case [22], one key ingredient for both Propositions 3.3 and 3.4 is a local law
for products of resolvents G1, G2 for G; = G (w;). We remark that local laws for products
of resolvents have also been derived for (generalized) Wigner matrices [30, 46] and for sample
covariance matrices [20], as well as for the addition of random matrices [8].

Note that the deterministic approximation to G1 G- is not given simply by M; M, where M; :=
M*#i(w;) from (3.4). To describe the correct approximation, as in [22, Section 5], we define the
stability operator

B\Z 3\12 ZE(Z1,Z2,w1,w2) = 1—]\118“]\/[27 (314)

acting on the space of 2n x 2n matrices. Here the linear covariance or self-energy operator S : C*"**" —
C?"*2" s defined as

A B\] ==(A BY\= (D o — (o0 X .

S{(C D)} =EW (C D)W— < 0 (A))’ W = <)~(* 0), X ~ Ging, (3.15)
i.e. it averages the diagonal blocks and swaps them. Here E denotes the expectation with respect
to X, (A) = n~'TrA and Ginc stands for the standard complex Ginibre ensemble. The ultimate
equality in (3.15) follows directly from E#2, = 0, E|Z,5|> = n~!. Note that as a matter of choice we
define the stability operator (3.14) with the covariance operator S corresponding to the complex
rather than the real Ginibre ensemble. However, to leading order there is no difference between
the two and the present choice is more consistent with the companion paper [22]. The effect of this
discrepancy will be estimated in a new error term (see (6.4) later).

For any deterministic matrix B we define

MZ"*2 (wi,we) = 8\1_21 [M* (w1) BM™ (w2)], (3.16)

which turns out to be the deterministic approximation to Gy BG2. Indeed, from the local law for
G1, G2, Theorem 3.1, and [22, Thm. 5.2] we immediately conclude the following theorem.

Theorem 3.5 (Local law for G** BG*2). Fix z1,z2 € C with |1 — |z;|| > € for some € > 0 and
w1, we € Cwith |n;| := |Sw;| > n~" such that

N = min{|?71|7 |772|} > n e |ﬂ*|_17

for some small e, > 0, where B. is the, in absolute value, smallest eigenvalue of Bio defined in (3.14).
Then, for any bounded deterministic matrix B, ||B|| < 1, the product of resolvents G** BG* =
G (w1) BG*2 (w2) is well approximated by M;"** = M7"*? (w1, w2) defined in (3.16) in the sense
that

(A(G™* BG™ — Mp"™))| < =
nn. [ mna|t/2| x|

3
(@, (G7 BG™ — M2 )y)| < — Cellzllylin®
(nn*)l/anmzl”Qlﬂ*l

for some C. with very high probability for any deterministic A, @,y and £ > 0. If w1, w2 € iR we may
choose C. = 1, otherwise we can choose C. < e~ 1%,

/P

—— +
Bl VT (1B |n) Y

CEHAHné ( 1/12 773/4 1 1 )

(3.17)

An effective lower bound on Rf., hence on |3. |, will be given in Lemma 6.1 later.

The paper is organised as follows: In Section 4 we prove Theorem 2.2 by combining Proposi-
tions 3.3 and 3.4. In Section 5 we prove the local law for G away from the imaginary axis, The-
orem 3.1. In Section 6 we prove Proposition 3.3, the Central Limit Theorem for resolvents using
Theorem 3.5. In Section 7 we prove Proposition 3.4 again using Theorem 3.5, and conclude Theo-
rem 2.8.

Note that Theorem 3.5, the local law for G** BG*2, is used in two different contexts. Traces of
AG#' BG*2, for some deterministic matrices A, B € C**2" naturally arise along the cumulant
expansion for [],(G: — E G;) in Proposition 3.3. The proof of Proposition 3.4 is an analysis of
weakly correlated DBMs, where the correlations are given by eigenvector overlaps (1.6), whose
estimate is reduced to an upper bound on (IG** IG*?).
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4. CENTRAL LIMIT THEOREM FOR LINEAR STATISTICS: PROOF OF THEOREM 2.2

From Propositions 3.3 and 3.4 we conclude Theorem 2.2 analogously to [22, Section 4], we only
describe the few minor modifications.

Proof of Theorem 2.2. We explain the four modifications compared with the proof of [22, Theo-
rem 2.2]. First, there are two additional terms in in the variance (3.10) and expectation (3.12) of
the resolvent CLT, compared to [22, Egs. (3.14)-(3.15)]. These additional terms result in additional
explicit terms in (2.8) and (2.7). For the expectation in (2.8) we have

_ %/C:Af(z)ﬁ/o On log(1 — 2 +2u3|z|2 —u2(z2 +Ez)) dnsz (41)
_ L[ fR)—FG) o, L [T e 1[N f=@) F) + f(=1)
74%/13 @ 07 271'/0 fe)do+ oo | Aomdet 1

and for the variance in (2.7) we have

1 o0 oo
- dQZl/ d222Af(21)A9(Z2)/ dm/ dn2V (21,22, m,1m2)
312 Jc e} 0 0 (4.2)

— ﬁ(vg(T), Vf)LZ(D) —+ %<g(7)’f>H1/2(8D)7

so that together with contribution from V (z1, 22,11, 72) in (3.10) we have
1 _ 1 _
E<Vg +V9(), V)2 + 5(9 +96), ) rr2(om)

1 .
- E(vpsymg7 VPsymf>L2(D) + <Psymg7 Psymf>H1/2(aD)4

The identities (4.1)-(4.2) will be proven separately below. The other two modifications concern
the error terms in (3.9) and (3.11). Namely, there is an additional factor including (3z;) 2 (cf. [22,
Egs. (3.13), (3.15)]), and, finally, (3.13) holds under the additional assumption that |z, — Z,,| > n™%4,
and |z, — z;| > n™%? (cf. [22, Prop. 3.5]). Both these issues can be handled in the same way as the
constraints on |2z; — z, | have been treated in [22, Section 4] (see e.g. [22, Eq. (4.11)]). This means that
we additionally exclude the regimes of negligible volume |z; —Z | < n™“4 or |2;—Z;| < n~“? from
the dz1 ... dz,-integral in [22, Egs. (4.10), (4.22)] using the almost optimal a priori bound from [22,
Lemma 4.3). Finally, the last modification concerns the application of [22, Lemma 7.6] to analyze
the regime 1 € [no, 7] in the computation of E) ", f(o:). In the current case, we need to further
assume that |3z| is not too small to rely on Lemma 7.8 exactly as in the proof of [22, Lemma 4.6].
The contribution of the regime |3z| < 1 is again negligible by its small volume. (]

Proof of (4.1). With the short-hand notation z = z + iy, we compute
/00 la log(l —u® 4+ 2u%|2)? — W (2® +E2)) dn
o 4n "
i flog4+2logly, FESREC
An Llog|(2® +°)? +1 - 2(2® — y*)| = log|(«® + v*)?|, |21 > 1,

using that u = 14 O(n) for |z| < 1and u = |z|72 + O(n) for |z| > 1, so that for (4.1) we need to
compute

1
: / AF(2)[(log 4+210gly])1(|2] < 1)+ (loglz—11*+log|z+1* ~2log|2[*)1(|2| > 1)] d*2. (4.4
C

We may assume that f is symmetric with respect to the real axis, i.e. f = Psym f With Psym as in (2.6)
since L, (f — Psym f) = 0 by symmetry of the spectrum and therefore L, (f) = Ln(Psym f). Since
the functions in (4.4) are singular we introduce an e-regularisation which enables us to perform
integration by parts. In particular, the integral in (4.4) is equal to the ¢ — 0 limit of

/C 0.0=f(2)[(log 4 + 2logly)1(|2] < 1, ]y > ¢)

+ (log|z — 11> + log|z + 11> — 2log|z*)1(|z| > 1, |z £ 1| > o] d?z,

(4.5)
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where |z & 1| > e denotes that |z — 1| > e and |z + 1| > ¢, and we used that the contribution from
the regimes |y| < eand |z £ 1| < ¢ are negligible as ¢ — 0. In the following equalities should be
understood in the € — 0 limit.
Since
log|z — 1)* + log|z + 1|* — 2log|z|* = log 4 + 2log|y|
for |z| = 1, when integrating by parts in (4.5), the terms where either 1(|z| < 1) or 1(]z| > 1) are
differentiated are equal to zero, using that

0.1(|2 > 1) d2z = %1(|z| —1)dz. 4.6)

We remark that (4.6) is understood in the sense of distributions, i.e. the equality holds when tested
against compactly supported test functions f:

/a F1(l2] > 1) :%/‘Z‘:lf(z)dz.

Moreover, with a slightly abuse of notation in (4.6) by 1(|z| = 1) dz we denote the clock-wise
contour integral over the unit circle. This notation is used in the remainder of this section.
Then, performing integration by parts with respect to 9z, we conclude that (4.5) is equal to

1 1 2
/Gf { (lz2| < 1,]y| =€) + <ﬂ+z+1_5)1(|Z|21’|Zi1|26) d*z. (47)

In order to get (4.7) we used that
0- f(x + i) — 0. f (v —i€)| - [log ] < ¢,

for some small fixed ' > 0, by f € H*™°, and similarly all the other e-boundary terms tend to
zero. This implies that when the 5 derivative hits the e-boundary terms then these give a negligible
contribution as e — 0. We now consider the two terms in (4.7) separately.

Since the integral of 3 ~* over D is zero we can rewrite the first term in (4.7) as

i
— [L0:) = F@)1(el < 11yl 2 s
Then performing integration by parts we conclude that the first term in (4.7) is equal to
. 27 igy _ X
/ fx—i—ly ( )dxd 1 f(@ ) i f(cosa)e—leda (48)
2 0 sin 0
where we used that

’
< 0

~ )

‘f(x7€) 72f(1',0)+f(:v,76)

€

to show that the terms when the 9. derivative hits the e-boundary terms go to zero as ¢ — 0. Note
that the integrals in (4.8) are absolutely convergent since f is symmetric with respect to the real
axis. For the second term in (4.8) we further compute

2 f(e'%) — f(cosh) o0 o — ™ f(€l%) — f(cos @)

; ) ; gy (cos@ —1isinf) de

27 . (49)
- —i/ (f(e’e) - f(cose)) a0
0
where we used that the term with cos 6/ sin 6 is zero by symmetry.
With defining the domain
Qe :=A{lzl 21} n{lz£ 1] > €},
the second term in (4.7) is equal to

1 1 2\

_ Qe(?ZJ”(,>;)(E_1Jr2_~_1 E)d z. (4.10)

Since
1 12

z—1 + z+1 z
is anti-holomorphic on Q., performing integration by parts with respect to 9. in (4.10), we obtain

1 2 9 i 1 1 2\
/8f <271 11 2>dZ_E/(fméf(z)<271+2+1_%>dz‘ (4.11)
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Taking the limit € — 0 in the r.h.s. of (4.11) we conclude

lim%/aae f(z)( L, 1 ,g) dz = g[f(1)+f(71)] f/:w F(e%)do

e—0 z—1 zZ+1 z
—2i6 (4'12)

T— 2w —e
. i0 e
i ([0 [ )
The last term in (4.12) simplifies to

T—e€ 2T —e —2i0 T—e€ 2T —e .
. i, € et i0 lcos& 1
tin ([ [T ) e S = ([ [T ) e [35g + 5] ae

1 27

_1 10
- 2 o (6 ) d97

(4.13)

by symmetry. By combining (4.8)-(4.13) we conclude (4.1). O
Proof of (4.2). By change of variables zo — Zz we can then write

[ [ [ dn [T amAse)ATEmY e mam)
© © 0 o 0 oo (414)
- / d®x / d?2; / dm / dneAf(z1)Ag(Z2)V (21, 22,m1,72)
c c 0 0
such that [22, Lemma 4.8] is applicable and (4.2) follows. O

5. LOCAL LAW AWAY FROM THE IMAGINARY AXIS: PROOF OF THEOREM 3.1

The goal of this section is to prove a local law for G = G*(w) for z in the bulk, as stated
in Theorem 3.1. We do not follow the precise e-dependence in the proof explicitly but it can be
checked from the arguments below that C. = ¢~ % clearly suffices. We denote the unique solution
to the deterministic matrix equation (see e.g. [1])

0

—1=S[M|M + ZM + wM, Z:—< é) SM >0, Sw>0 (5.1)

by M = M?(w), where we recall the definition of S from (3.15). The solution to (5.1) is given
by (3.4). To keep notations compact, we first introduce a commonly used (see, e.g. [28]) notion of
high-probability bound.

Definition 5.1 (Stochastic Domination). If
X = (X(")(u) ‘ neN,u€e U(")> and Y = (Y(”)(u) ‘ neN,ue U(")>

are families of non-negative random variables indexed by n, and possibly some parameter u in a set
U™, then we say that X is stochastically dominated by Y, if for all e, D > 0 we have

sup P [X(")(u) > ny ™ (u)] <n P
wetU(n)
for large enough n > no (e, D). In this case we use the notation X < Y. Moreover, if we have | X| <Y
for families of random variables X, Y, we also write X = O<(Y).

Let us assume that some a-priori bounds
(@, (G = M)y)| <A, [(AG—M))| <¢ (-2)
for some deterministic control functions A and £ depending on w, z have already been established,
uniformly in @, y, A under the constraint ||z, ||y||, ||A|| < 1. From the resolvent equation 1 =
(W — Z — w)G we obtain
—1=-WG+ ZG 4+ wG = S[G|G + ZG + wG — WG, (5.3)
where we introduced the self-renormalisation, denoted by underlining, of a random variable of the
form W f(W) for some regular function f as

WIW) = WIW) = EW@p HW), W= (5? ff) . X~Gine,  G4)
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with X independent of X. The choice of defining the self-renormalisation in terms of the complex
rather than real Ginibre ensemble has the consequence that an additional error term needs to be
estimated. For real Ginibre we have

0

o0’

thus the 7-term needs to be estimated. By the Ward identity GG* = G*G = 7 'SG it follows
that

e, TGIGy)| < 1/ (@.GG a1/ Ty, G-Gy) = -/ (@.5Ga) V[0, 5Gw) < L, (59)

S|

EWG = — ES[G]G — ET[GG, T[(Z Z)}z

but the renormalisation comprises only the S[G] term, i.e.

WG = WG +ES[G|G,

where p := 77 'Qm from (3.3). By [29, Theorem 4.1] it follows that

A A
(. (WG + SIGIG + TIAGW) < /2. [(AWG + S[CIG + TIEI0)| < 22
and therefore, together with the bound (5.5) on the 7-term we obtain
+A +A
(2, WGy)| < /=, [(AWG)| < 2=, 5.6
nn nn

We now consider the stability operator B := 1 — MS[-]M which expresses the stability of (5.1)
against small perturbations. Since S only depends on the four block traces of the input matrix,
and M is a multiple of the identity matrix in each block, the operator B can be understood as an
operator acting on 2 x 2 matrices after taking a partial trace. Henceforth for all practical purposes
we may identify B with this four dimensional operator. Written as a 4 x 4 matrix, it is given by

B 0 1—u?|z)? —m? muz  muz
<Bz 1) ’ ! < —m? 1—u?|z* ) 2 muz muz |’ 7)
with m,u defined in (3.2)-(3.4). Here the rows and columns of B are ordered in such a way that
2 x 2 matrices are mapped to vectors as in

£)-

We first record some spectral properties of /5 in the following lemma, the proof of which we defer
to the end of the section. Note that B* refers to the adjoint of B with respect to the scalar product
(A, B) = (2n)"'TrA* B, for any deterministic matrices A, B € C*"*?",

o o e

Lemma 5.2. Let w € H, z € C be bounded spectral parameters, |w| + |z| < 1. Then the operator B
has the trivial eigenvalues 1 with multiplicity 2, and furthermore has two non-trivial eigenvalues, and
left and right eigenvectors

BE-]=(1+m*—u?|z))E- B*[E-] = (1+m? —u?[z]?)E_,
BVi]= (1 —m®—u’|z]")V,., B [Vi]=(1—-m2—u2|z>)W,

where E_ := (Ey — E»)/\/2 and

1 0 0 0 m? 4 u?|z|? —2muz 1
FEy = By = V.= , Vii= . (5.8
! <0 O) ro <0 1) ’ < —2muz  m?+ Pz ! WV 68

Moreover, for the second non-trivial eigenvalue we have the lower bound

S 1—|z]| >
o ez o Rz 6.9)
~ 2
(Sm)?, [1—1z|]| <e.
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Corresponding to the two non-trivial eigenvalues of B we define the spectral projections
Pi:=(E_,)E_, P:=WV,)Vs, Qui=1-P., Q:=1-P.-P.
From (5.1) and (5.3) it follows that
B[G — M] = MS|G—- M|(G—-M)-MWG. (5.10)

We now distinguish the two cases p ~ 1 and p < 1. In the former we obtain

_ 1
1QB™ il S T o ° (5-1)

m? = 7]
by (5.9). Since (E_,G) = (E—, M) = 0 by block symmetry, it follows that
G—M=Q.[G— M]=Q.B'B|G - M|
and thus
(@,(G— M)y) = Tr [(Q.B7")"[zy"]]” B[G — M]

(xi, (MS[G — M|(G — M) - MW G)y;)

I
M-

(5.12a)

i=1

=0<<§A+./M),
n

where we used that the image of xy* under (Q.B™")* is of rank at most 4, hence it can be written
as >, x;y; with vectors of bounded norm. Similarly, for general matrices A we find

(A(G - M)) = ([(eB~")"[A"]]" BIG — M])
=([(Q.B™""[A"]]" (MS[G — M](G — M) — MWG)) (s.12b)
- p+A 2
“o. (2 i)

In the complementary case p < 1 we similarly decompose
G — M =P[G — M|+ P.[G - M)+ Q[G — M] =0V, + Q[G — M], 6:=(V;,G —M). (513)
Now we apply B to both sides of (5.13) and take the inner product with V; to obtain
(Vi, BG = M]) = (1= m” — ’[2*)0 + (Vi, BQIG — M]) (5-14)

from (5.10). For the spectral projection Q we find

1 1 0 O mu zZ z
= = By = ——+— . .
b Q=08 <B3 1) ’ ST m2 + w2z <2 2) 6.15)

Thus it follows that

1 < |muz| <1 p
B Cllin=11 = e o] < (5.16)

since in the regime p < 1 we have |1 — m? — v?|z|?| < 1 due to |Su?| < 1 which follows by a
simple calculation.
By using (5.10) in (5.14) it follows that

1
0] < —(
p

from (5.2), (5.6) since, due to ||z| — 1| > ¢ we have |1 — m? — u?|z|?| > p according to (5.9). For
general vectors @, y it follows from (5.13), (5.17) and inserting 1 = B~' 3 similarly to (5.12) that

A 2
ptA &
pnn p

p:—A + 62) (5.17)
n

(@, (G — M)y) :o<( )+<[<QB*>*[my*1]*B[GfM1>

2 4
=0y (% + %) + i:1<$i, (MS|G — M|(G— M) - MWG)y:) (518a)

A 2 A
:O<<L+§_+§A+ L>7
pny - p V. nn
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and
(A6 - 1)) =0« ZER 4 £ (057 147 BiG - )
=0 (ZER 4 ) (0B I (SIG - MG - M) - M)

(5.18b)

By using the bounds in (5.12) and (5.18) in the two complementary regimes we improve the input
bound in (5.2). We can iterate this procedure and obtain

1 p 1
|<w7(G—M)y>|<n—n+ pl |<A(G—M)>I<n—nA (5.19)
In order to make sure the iteration yields an improvement one needs an priori bound on & of
the form £ < 1 since otherwise ¢ is difficult to control. For large # such an a priori bound is
trivially available which can then be iteratively bootstrapped by monotonicity down to the optimal
n > n~"'. For details on this standard argument the reader is referred to e.g. [4, Section 3.3]. Then
the local law for any n > 0 readily follows by exactly the same argument as in [23, Appendix A].
This completes the proof of Theorem 3.1. (]

Proof of Lemma 5.2. The fact that B has the eigenvalue 1 with multiplicity 2, and the claimed form
of the remaining two eigenvalues and corresponding eigenvectors can be checked by direct com-
putations. Taking the imaginary part of (3.2) we have

(1= m|* = |ul*|z[*)Sm = (jm]* + [u]*|2]*)Sw, (5-20)
which implies
Im|* + [uf?|2]* < 1, (\hrgoﬂml2 +ul’[2’) =1, Rw € sUpPpp (5.21)

as Sm and Sw have the same sign. Here supp p should be understood as the support of the self-
consistent density of states, as defined in (3.3), restricted to the real axis. The second bound in (5.9)
then follows from (5.21) and

1 —m? —u®2]?| > R —m® —d?|2)°) =1 — (Rm)® + (Sm)® — R |2|* = (Sm)®.  (5.22)

The bound (5.22) can be improved in the case p < 1 if w is near a regular edge of p, i.e. where
p locally vanishes as a square-root. According to [24, Eq. (15b)] the density p has two regular edges
+/e1 if |z] <1 — ¢, and four regular edges in &, /¢, =, /¢e_ for |z| > 1 + ¢, where
8(1— |21*)® + (1 +8]2[*)* —36(1 — |2*) +27 .
8|z[? ~
By the explicit form of ¢4 it follows that e+ > 1 whenever |1 — |z|| > €. In contrast, if |z| = 1, then

p has a cusp singularity in 0 where it locally vanishes like a cubic root. Near a regular edge we have
Sm < v/Sw, and therefore from (5.20)

(1 =|m|* = [uf’|2*) 2 VSw 2 Sm

¢4+ =

and it follows that
11— m® — 2| 2 Sm,

proving also the first inequality in (5.9). O

6. CLT FOR RESOLVENTS: PROOF OF PROPOSITION 3.3

The goal of this section is to prove the CLT for resolvents, as stated in Proposition 3.3. The proof
is very similar to [22, Section 6] and we focus on the differences specific to the real case. Within
this section we consider resolvents G1, ..., G, with G; = G (in;) and n; > n™'. As a first step
we recall the leading-order approximation of G = G;

(G — M) = —(W_GA)-&—(L( A= (B)'1*M (6.1)

Ao )
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from [22, Eq. (6.9)], where the stability operator 13 has been defined in (s5.7). Here §3 is the eigenvalue
of B with eigenvector (1, 1,0, 0) and is bounded by (see [22, Eq. (6.8b)])

18] 2 1 — |z]| + /% (6.2)

One important input for the proof of Proposition 3.3 is a lower bound on the eigenvalues of the
stability operator B defined in (3.14), the proof of which we defer to the end of the section. Note
that the two-body stability operator B and its eigenvalues B, B. are consistently decorated by hats
() to distinguish them from their one-body analogues 5, 3. We will consistently equip B, B and
their eigenvalues, 3, B, E* with indices when instead of M they are defined with the help of M; =
M#i(w;); e.g. BV is the lowest eigenvalue of By; = B(z1, zi, w1, w;) defined analogously to (3.14).

Lemma 6.1. For z1,z2 € C, wi, w2 € C\ R such that |z;|, |w;| < 1 the two non-trivial eigenvalues
B, B« of B satisfy
min{RB, RB.} > |21 — z2|> + min{|wr + Wz, |wr — W3|}* + |Sw1| + |Sws| (6.3)

Proof of Proposition 3.3. The proof of Proposition 3.3 goes in two steps. First, we use (6.1) and a
cumulant expansion in order to prove the asymptotic representation of the expectation in (3.11). In
the second step we then turn to the computation of higher moments and establish an asymptotic
Wick theorem in the form of (3.8).

We use the notation A% for the matrix (A“b)cd = dacOpa and decompose W = 3 Wap AP
For each a, b we then perform a cumulant expansion and obtain

E(WGA) = ,_Z BAGATGH+ S Y BN gy avca),  (64)

k!
k>2 ab oc{ab,ba}®

which has an additional term compared to the complex case [22, Eq. (6.11)] since the self-renormalisation (s.4)
was chosen such that it only takes the x(ab, ba) = 1 and not the x(ab, ab) = 1 cumulant into ac-
count. Here k(ab, cd, ef, . . .) denotes the joint cumulant of the random variables wap, Wed, Wey, - - .,

and we denote partial derivatives by 0o := 0, “Ouw,, for tuples o = (a1,..., ), with

way

€ [n] X [n]. In (6.4) we introduced the notation

PRSI N

a<nb>n a>nb<n

We note that by Assumption 2.1 the cumulants (o, . . ., ay) satisfy the scaling
[k(aa, ...,k Snfk/Q. (6.5)
For the second term in (6.4) we find exactly as in [22, Egs. (6.13)—(6.10)] that

k(ab, o) ab 1H4 L 1 1
SN Y Eoaatea) = o, m )+o<(|ﬂ|(n3/2(1+n)+ )2)>.(6.6)

(nn
k>2 ab oe{ab,ba}k

For the first term in (6.4), which is new compared to [22, Eq. (6.11)], we rewrite
LS V(A GA™GA) = HGABG'E) = 1 (G7 ABGTE),
n n n

where we used that (G*)" = G7, and the convention that formulas containing (E, E’) are un-
derstood so that the matrices F, E’ are summed over the assignments (F, E') = (E1, E2) and

(E,E') = (Es, Ey) with
1 0 0 0
a0 met0)

From thelocal law [22, Theorem s5.2] for products of resolvents and the bound on |§* | from Lemma 6.1
we can thus conclude

1 4 ab ab 1 2,Z ! 1 1
—E AYGAYGA) = = (M E ——
n b< GaTEA) = (M >+0<<|z—z|2<nn>2>

_m m* 4+ m2u?|z]? — 2ut|z|* + 2u?(2? — y?) (6.7)
on (1 =m2 —u222)(1 + ut|z]* — m* — 2u2(z2 — y?))

1 1
+O<<|zfz|2 (nn>2>’
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where z = z + iy, and the second step follows by explicitly computing the inverse

M3 = (1 — M*S[|M?) ' [M*AEM?)

in terms of the entries of M, noting that m* = m? and v = w*. Then, using the definition
v := —im > 0 and that
2uv
|z|°u® 4 v* = u, u = — v® = u(l — |z°u)

14+ u— |2]2u2’
we obtain
m* + m2u?|z|? — 2ut|z|* 4 2u®(2? — ¢?)
(= w2 P) (L wilzft — mt — 2022 — )
i w =3z 4 2u(a® — y?)
2 1 —u? + 20322 — 2u2(2? — y2)

m

(6.8)

Now (3.11) follows from combining (6.1) and (6.4)-(6.8).
We now turn to the computation of higher moments for which we recall from (6.1) and (3.11)
that

_EG,) — M —& K
H <Gz EG1> — H <Gz Mz gz> + O-< (nn
i€[p] i€[p]
" (6.9)
= [[ (-WG:A: - &) + O (—)
i€ip] "
with A; as in (6.1) and &; as in (3.12), and
1 1 1 1
< — .
o= o) < LG5 * @) (610
with the bound on 8; from (6.2). We begin with the cumulant expansion of WG to obtain
E[[(-wGiA - &)
ielp]
1 ! ab ab
- E(Z D H{ATGIAY G AY) - <51>) H(—WGiAi —&)
ab i#1
~ g _ (6.11)
+ ZEE(WG1A1><WG1AZ — WGZWG1A1> H <—WGjAj — 5J>
i#1 J#L,i
K/(ba7 a) ba
+ZZ Z k! E 0o [<_A G1A1>H<_W_Gi14i—gi>]7
k>2 ab ae{ab,ba}k i#1

where, compared to [22, Eq. (6. 17)] the first line on the rhs. has an additional term specific to the
real case, and W as opposed to W in (5.4), is the Hermitisation of an independent real Ginibre
matrix X with expectation E. The expansion of the third line on the rhs. of (6.11) is completely
analogous to [22] since for cumulants of degree at least three nothing specific to the complex case
was used. Therefore we obtain, from combining’ [22, Egs. (6.26), (6.29)], that

Y Y 7“((’:;")Eaa[<—A”“G1A1>H<*%Ai*50]

k>2 ab ac{ab,ba}® i#1
_ iK4 4 K4U1U1 E’lﬁ
=~ O (ml)EH<7WG¢A¢ Z VH’<fWGjAj &)+ O(m
i#£1 i#1 J#1,4
(6.12)
where
1

*Note that the definition of £ in [22, Eq. (6.8¢)] differs from (3.12) in the present paper.
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Recall the definition of &; in (3.12), then using (6.7)—(6.8) and (6.12) in (6.11) we thus have

E[[(-WGiAi - &)
i€(p]

. P —~ — 3
= ZE(H4U1U1 + E<WG1A1><WG1A, — WG,WG,A1>) H <—WGjAj — 5J> + (’)( n> )

1 2 J#L Vi
(6.13)
It remains to consider the variance term in (6.13) for which we use the identity
BV A)(WB) = 5 (AB(B + B)E') = (AEL(B + Bt)E”Q;(AEQ(B +BOED (61
in order to compute
E(WG1A) (WG A; — WG WG, As) 6n9
15

_ %(GlAlE(GzA,’ +AGHE — Gi A E(GAWG, + GIWAIGYHE'),

where, compared to [22, Egs. (6.18)—(6.19)], there is an additional term with transposition. Here the
self-renormalisation e.g. in G; A; WG, is defined analogously to (5.4) with the derivative acting on
both G;’s. For the second term in (6.15) we identify the leading order contribution using the fact
that G*(w)" = G*(w) and denoting G; = GZ(in;) as
(G1ALE(Gi AW Gy + GIW ALGHE'Y = —(G1S[G1 A1 EGAi)GLE' + G1S[G1ALEG;ALG;E)
+ (G1 AL EGAWGE + Gi AT EG;W AIGRE')

(6.16)
for which we use the local law from Theorem 3.5 to conclude that the main terms in (6.15) are
(G1ALE(GiA; + AIG7)E' + G1S[G1 A1 EG Aj)GiE' 4+ G1S|G1 A1 EG;] ALG5E')
=~ 1 1
=V, + 0 < =~ - + — , ) (6.17)
| Bt Pnet Imm /2 n2 (B2 ()2 mam]

Vi = (MR AE + M3 7 B+ SIMAE AIME ™ + SIMATIAIME ™),

where |Z3}Z| > |z1 — z|* from Lemma 6.1, and n® := min{n:,n:}. By an explicit computation

similarly to [22, Eq. (6.23)] it follows that
Vii = V(21 zi,m,mi) + V(21,20 m1, i) (6.18)

with V' being exactly as in the complex case, i.e. as in (3.10). For the error term in (6.16) we claim
that
2
E|(G1A EGAWGLE)|? + E|(Gi A EG:W A'GLE') 2 < (ﬁ) 4 (6.19)
17)iT)%
The CLT for resolvents, as stated in (3.8) follows from inserting (6.15)-(6.19) into (6.13), and iteration
of (6.13) for the remaining product.

In order to conclude the proof of Proposition 3.3 it remains to prove (6.19). Introduce the short-
hand notation G;1; for generic finite sums of products of G;, G1, G; (or G; in place of G;) with ar-
bitrary bounded deterministic matrices, e.g. G; E'G1 A1 EG; A; appearing in the first term in (6.19).
We will prove the more general claim

1 2
E[(WGi1)|* £ (W) : (6.20)

The proof is similar to [22, Eq. (6.32)]. Therefore we focus on the differences. In the cumulant
expansion of (6.20) there is an additional term compared to [22, Eq. (6.33)] given by

% Z/ E(AG A Givi + AGin AGri + A G A G (W i)
b (6.21)
1

== E(G1iii + Giti1) (WGis),
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where we combined two terms of type G14i; into one since in our convention G is a short-hand
notation for generic sums of products. We now perform another cumulant expansion of (6.21) to
obtain

= E(G1iii + Giin ) (W Gini)

1
= n_ E(G1i: + G¢1¢1>2

—~ (6.22)
+ — EE< (Glzml + Guzlz + Gulu + Gzlzzz + Glzlzl + G11111)><WG1'11'>

+ Z O( (k+3)/2> Z Z E 04 [(Gliii + Gi1i1><AabGi1i>] ,

ab  ac{ab,ba}®

where the first line on the rhs. corresponds to the term where the remaining W acts on G;1; within
its own trace as in (6.21), and in the last line we used the scaling bound (6.5) for . In order to
estimate (6.21) we recall [22, Lemma 5.8].

Lemma 6.2. Let wi,ws,..., 21, 22,..., denote arbitrary spectral parameters with n; = Sw; >
0. Let G; = G* (wj), then with G;, ..;, we denote generic products of resolvents G;,,...,Gj;,, or
their adjoints/transpositions (in that order, each G, appears exactly once) with bounded deterministic
matrices in between, e.g. G1;1 = A1G1A2G;A3G1 A4

(i) For j1,...jr we have the isotropic bound

k
-1
(@, Gir.eint)] < Iyl ([T min) - (6.232)
n=1

(ii) For ji,...,jx and any 1 < s < t < k we have the averaged bound

k —
(Giren)| < v (T ) (6.23b)
n=1

Since only 7717 i play a role within the proof of (6.19), we drop the indices from 7.’ and use the
notation 7. = n.%. For the first term in (6.22) we use (6.23b) to obtain

1

R 624

1
EKGMM + Gi1i1>|2 <
Similarly for the second term we use (6.14) and again (6.23b) to bound it by

1 ~ ~ —
E|E<W(Gliiil + Giiini + Giivii + Giteis + Gritan + Ginini)) (WGi14)|
1 1 (6.25)

ni3ninZnd = n2nininz

since 7, > 1/n. Finally, for the last term of (6.22) we estimate

’O(W> Z, Z Zaa [(Gliii + Gilil)cc(Gili)ba]
ab c o

for any k > 2. Indeed, for k > 3 the claim (6.26) follows trivially from (6.23a) and the observation
that the bound (6.23a) remains invariant under the action of derivatives. Indeed, differentiating a
term like (Gi14)ap gives rise to the terms (G;)aa (Giti)ob, (Git)ab(G1i)asb, - - - for all of which (6.23a)
gives the same estimate as for (Gi1i)as since the presence of an additional factor of G or G; is

1

< (6.26)
n2ningni

compensated by the fact that the same type of G appears two additional times as the first or last
factor in some product. For the & = 2 case we observe that by parity at least one factor will be
off-diagonal in the sense that it has two distinct summation indices from {a, b, ¢} giving rise to
an additional factor of (nn.)~'/? by summing up one of the indices with the Ward identity. For
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example, for the term with (G1iii)ce(Gi1)ob (G14)aa (Gi)pa We estimate

n=Y2Y Y (Grii)ee(Gin)on(Gri)aa(Gida| < ™2 o 773/2777/2 Z [(Gi)al

(3

<n 3/2 7/2 Z Z' i)bal?
=n 773/2 4 Z V(SGi)op < 3/2774

Thus, in general we obtain a bound of

1 ( 1 n 1 ) 1 < 1
n3/2 77?/277,'7/2 77?/2771'5/2 \/an%ﬁn????

By combining (6.24)-(6.26) we obtain a bound of (nm:17:n.) "2 on the additional term (6.21). The
remaining terms can be estimated as in [22, Eq. (6.32)] and we conclude the proof of (6.20) and
thereby Proposition 3.3. O

Proof of Lemma 6.1. The claim (6.3) is equivalent to the claim
max{R7, R7.} < 1—c[|z1 — zo|? + min{|wi +Wz|?, |w1 —@2|*} + |Sw: |+ [Sws|], ¢>0, (6.27)

where 7, 7. are the eigenvalues of the matrix

R:= <le2“1“2 mama ) (6.28)

mimsz 2122U1U2

thus E =1-7, B* = 1 — 7. We first check that (6.27) holds true ineffectively, i.e. with ¢ = 0. We

claim that

A —;A* ) 1= max Spec( (6.29)

holds for any square matrix A. Indeed, suppose that Az = Az, ||| = 1 and (A + A*)/2 < M in
the sense of quadratic forms. We then compute

0> <:c,<A+2A —M)w> _ (m,Am);(Aa:,a:) M=% M,

max R Spec(A4) < )\max( L )

from which (6.29) follows by choosing M to be the largest eigenvalue of (A + A*)/2.
Since R is such that its entrywise real part is given by RR = (R+R*)/2, from (6.29) we conclude
the chain of inequalities

R(mimz)  R(Zrzauiuz) (6.30a)

maX{%ﬂ éRT*} S )\max <§R(ZIZ_2U1U2) §R(m1m2) )

= (Ruruz)(Rz172) + \/ |Sutuz||Sz1722| + |3‘Em1m2|) — 2|Suruz||Sz122||[Rmima|  (6.30b)

< Ruruz) R172) + [Suruz||S2122] + |[Rmaima| (6.30¢)

‘ Ruiuz)(Rz2122) + |Suruz||S2122]| + |Rmime| (6.30d)
= \/|zlzgu1u2|2 — (Ruruz|Sziz2] — ?RzlE|Su1uQ|)2 + V/Imima|?2 — [Smima]? (6.30€)
< |z122u1u2] + [m1ma| (6.30f)
= V(Jurz1]? + [ma 2) (Juzz2[? + [ma]?) — (Jurzima| — [uzzama)? (6.308)
< V(Imal? + 21w P) (Ima[? + |22u2]?) (6.30h)
<1, (6.301)

where in the last step we used (5.21).
We now assume that for some 0 < € < 1 we have

max{Rr,Rr.} > 1 — €, (6.31)
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i.e. that all inequalities in (6.30a)—(6.30i) are in fact equalities up to an ¢* error. The assertion (6.27)
is then equivalent to
|21 = 22| + min{[w1 + W3], [w1 — W2} + V[Sw1| + V/[Swa| S e, (6.32)
the proof of which we present now.
The fact that (6.30h)—(6.30i) is €*-saturated implies the saturation
Imi|? + |ziwi|* = 1+ O(?), (6.33)
and, consequently,
ui| ~ 1. (6.34)
Indeed, suppose that |u;| < 1, then on the one hand since u; = u}|z|*> — m7, it follows that

|m;| < 1, while on the other hand |1 — |m;|?| < 1 from (6.33) which would be a contradiction.
From (5.20) it follows that

[mi|? + |uil?|zi]> < 1 — eSws,
from which we conclude |Sw;| + [Swa| < €2, ie. the bound on the last two terms in (6.32). The
€*-saturation of (6.30g)—(6.30h) implies that

O(€) = lurzima| — [uzzami| = /1 = ma Plma| — /1 = [ma[[ma| + O(€?)
= V1= [wziPlugze| — V1 —[uzzs[urz1] + O(€).
Thus it follows that
[ma| = [m2| + O(e),  [z1ua] = |z2u2] + O(e). (6.35)
In the remainder of the proof we distinguish the cases

(C1) € < |z1] and |mq| ~ 1,
(C2) |1 S e
(C3) |m1| £ Veand |z1| ~ 1,
(Cq) Ve |mi| < land |z1] ~ 1,
where we note that this list is exhaustive since |2z1| < 1 implies |m1| ~ 1 from (6.33).
In case (C1) we have |22| ~ |21]| and |m1| ~ |mz2| ~ 1 from (6.34)-(6.35). By the near-saturation
of (6.30e)—(6.30f) it follows that Smims2 = O(€) and therefore with (6.35) that

my = £z + O(e), (6.36)
hence |Rmima| ~ 1. From the e?-saturation of (6.30b)—(6.30c) and (6.30e)—(6.30f) it then follows
that

— 2 — —
|Surua| |3 222 | = 0(6—2) (Rutuz) |3-2222 | = (m G250 )|<3u1u2| n 0<L> (6.37)
2122 |21 2122 2122 |21
and (6.37) implies
ISurua| + S22 < S (6.38)
|z122] | ™ |21]

Indeed, the first equality in (6.37) implies that at least one of the two factors is at most of size
€/|#z1] < 11in which case the second equality implies that the other factor satisfies the same bound
since |ujuz| ~ 1. Thus there exists some ¢ € R, |¢| ~ 1 such that z = cz1 + O(¢) and uz =
+|c| 7 a1 + O(e/|21]) since the two proportionality constants ¢ and +|c|~* are related by (6.35). On
the other hand, from the MDE (3.2) we have that

up = us|22|? —mi = |1 |? — W + O(e) = ur + O(e) (6.39)

and thus |¢] = 1 4+ O(e/|z1]). Finally, since (6.30¢)-(6.30d) is assumed to be saturated up to an
e2-error, Rujuz and Nz173 have the same sign which, together with (6.39), fixes ¢ > 0, and we

conclude zz = z1 + O(e). Finally, with
wo = 22—y zi(g —m_l) + O(e) = +w1 + Oe) (6.40)
u2 Ui

the claim (6.32) follows.
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In case (C2) the conclusion 22 = 21 + O(e) follows trivially from (6.35) and (6.34). Next, just as
in case (C1), we conclude (6.36) and therefore from (3.2) that

uz = uj|ze|® —mj = = + O(e) =ur + O(e),

and thus (6.32) follows just as in (6.40).

Finally, we consider the case |m;| < 1, i.e. (C3) and (C4). If |m;| < 1, then from (6.33), |1 —
|ziui|?| < 1, and therefore from (3.2), |1 — |u;|| < 1 and consequently |1 — u;|2; || = |m? /u;| < 1
and |1 — u;| + |1 — |2?| < 1. If [m1| < v/ then it follows from (6.35) that also |m2| < \/e. From
solving the equation (3.2) for u; we find

14144 z)Pm? 1

2|z;]2 |2:]2

u; +O(|jmil*), (6.41)
where the sign choice is fixed due to |1 — u;| < 1.

In case (C3) from |m;| < /€ it follows that u; = |2z;|~2 + O(¢), and thus with (6.30e)-(6.30f) and
Ruiue ~ 1 we can conclude

192173 = S22 1 Guyun| + O(e) = O(6),  |Surua| = O(e). (6.42)
?RUJ u2
Together with (6.35) and the saturation of (6.30¢)-(6.30d), we obtain 21 = 22 + O(¢) and u1 =
uz + O(e) by the same argument as after (6.38). Equation (3.2) implies that mo = +7m1 + O(€) and
we are able to conclude (6.32) just as in (6.40).
In case (C4) from (6.35) we have |ma| ~ |m1|. By saturation of (6.30e)-(6.30f) it follows that

% mims _ O( € )
Imima| Ima |
and therefore, together with (6.35) we conclude that (6.36) also holds in this case. Now we use the
saturation of (6.30b)—(6.30¢) to conclude

|Surus||S21 75| | Rmama| < 62(|8?m1m2| + |Su1u2||$z15|).

Together with the fact that |Suius||S2122] < |mi|? ~ |Rmime| from (6.36), (6.41), this implies
|Suiusz||S2122| < €. Finally, the ¢?-saturation of (6.30e)-(6.30f) shows that (6.37) (with |z1| ~
|22| ~ 1) also holds in case (C4) and we are able to conclude (6.32) just like in case (C1). O

7. ASYMPTOTIC INDEPENDENCE OF RESOLVENTS: PROOF OF PROPOSITION 3.4

For any fixed z € C let H* be defined in (3.1). Recall that we denote the eigenvalues of H* by
{A\i;}iemp With AZ; = —A7, and by {w3,;};c[p their corresponding orthonormal eigenvectors.
As a consequence of the symmetry of the spectrum of H* with respect to zero, its eigenvectors
are of the form wi; = (uj,+v}), for any ¢ € [n]. The eigenvectors of H* are not well defined
if H* has multiple eigenvalues. This minor inconvenience can be easily solved by a tiny Gaussian
regularization (see (7.17) and Remark 7.5 later).

Convention 7.1. We omitted the index i« = 0 in the definition of the eigenvalues of H*. In the
remainder of this section we always assume that all the indices are not zero, e.g we use the notation

n n

POED IS

i=—n i=—n i=1
and we use |i| < A, for some A > 0, to denote 0 < |i| < A, etc.

The main result of this section is the proof of Proposition 3.4 which follows by Proposition 7.2
and the local law in Theorem 3.1.

Proposition 7.2 (Asymptotic independence of small eigenvalues of H*!). Fix p € N, and let
{AZL}ie1 be the eigenvalues of H*', with I € [p|. For any wa,wn,wy > 0 sufficiently small con-
stants such that wp, < wy K wq <K 1, there exist constants w, @, 00,01 > 0, with w, K §p <
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B < w K wy form = 0,1, such that for any fixed z1,...,2z, € C so that |z < 1 — n~“r,
|21 — zml, |21 = Zmly |21 — Z1] = 0™, with I, m € [p], | # m, it follows that

P
1 m
EH Z H n Z A2 + 2
=1 mw<nw A 1=1 lig|<n® "
P €425 P S0+5 7
1 n? On@f 1 pPooT
<nwz; f o) ),
m=1 =1
for any € > 0, where 1, ... ,mp € [n"17% n =191 and the implicit constant in O(-) may depend on

P.

Proof of Proposition 3.4. Let p* be the self consistent density of states of H*', and define its quan-
tiles ;! by
) Z1
e AL
n - o p (ZE) T, ? nj,
and v, = —4;* for i € [n]. Then, using the local law in Theorem 3.1, by standard application
of Helffer-Sjgstrand formula (see e.g. [28, Lemma 7.1, Theorem 7.6] or [32, Section s] for a detailed
derivation), we conclude the following rigidity bound

1, 100wy,

B N (7.2)

n
with very high probability, uniformly in |z;| < 1 — n~“". Then Proposition 3.4 follows by Propo-
sition 7.2 and (7.2) exactly as in [22, Section 7.1]. We remark that in the current case we additionally
require that |2; — Zm|, |21 — 2| 2 n~“? compared to [22, Proposition 7.2], but this does not cause
any change in the proof in [22, Section 7.1]. O

Section 7 is divided as follows: in Section 7.1 we state the main technical results needed to prove
Proposition 7.2 and conclude its proof. In Section 7.2 we prove Theorem 2.8, which will follow by
the results stated in Section 7.1. In Section 7.3 we estimate the overlaps of eigenvectors, corre-
sponding to small indices, of H*!, H*™ for | # m, this is the main input to prove the asymptotic
independence in Proposition 7.2. In Section 7.4 and Section 7.6 we prove several technical results
stated in Section 7.1. In Section 7.5 we present Proposition 7.14 which is a modification of the
path-wise coupling of DBMs close to zero from [22, Proposition 7.14] to the case when the driving
martingales in the DBM have a small correlation. This is needed to deal with the (small) correlation
of A%, the eigenvalues of H?, for different [s.

7.1. Overview of the proof of Proposition 7.2. The main result of this section is the proof
Proposition 7.2, which is essentially about the asymptotic independence of the eigenvalues A,
A;™, for | # m and small indices 7 and j. We do not prove this feature directly, instead we will
compare \;', A7 with similar eigenvalues ui”, ugm) coming from independent Ginibre matrices,
for which 1ndependence is straightforward by construction. The comparison is done by exploiting
the strong local equilibration of the Dyson Brownian motion (DBM) in several steps. For conve-
nience, we record the sequence of approximations in Figure 1. We remark that z1, . .., z, are fixed
as in Proposition 7.2 throughout this section.

First, via a standard Green’s function comparison argument (GFT) in Lemma 7.3 we prove that
we may replace X by an i.i.d. matrix with a small Gaussian component. In the next step we make
use of this Gaussian component and interpret the eigenvalues A* of H* as the short-time evolu-
tion A*(¢) of the eigenvalues of an auxiliary matrix H; according to the Dyson Brownian motion.
Proposition 7.2 is thus reduced to proving asymptotic independence of the flows A*: (¢) for differ-
ent ! € [p] after a short time ¢ = ¢, a bit bigger than n™!. The corresponding DBM describing the
eigenvalues of H7 (see (7.14) later) differs from the standard DBM in two related aspects: (i) the driv-
ing martingales are weakly correlated, (ii) the interaction term has a coefficient slightly deviating
from one. Note that the stochastic driving terms b; in (7.14) are martingales but not Brownian mo-
tions (see Appendix B for more details). Both effects come from the small but non-trivial overlap
of the eigenvectors w;' with w'. They also influence the well-posedness of the DBM, so an extra
care is necessary. We therefore define two comparison processes. First we regularise the DBM by
(i) setting the coefficient of the interaction equal to one, (ii) slightly reducing the diffusion term,
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and (iii) cutting off the possible large values of the correlation. The resulting process, denoted by
)\(t) (see (7.22) later), will be called the regularised DBM. Second, we artificially remove the corre-
lation in the driving martingales for large indices. This partially correlated DBM, defined in (7.27)
below, will be denoted by X(t). We will show that in both steps the error is much smaller than the
relevant scale 1/n. After these preparations, we can directly compare the partially correlated DBM
X(t) with its Ginibre counterpart fz(t) (see (7.29) later) since their distribution is the same. Finally,
we remove the partial correlation in the process zi(¢) by comparing it with a purely independent
Ginibre DBM u(t), defined in (7.24) below.

AZ
|
} Lemma 7.3 (GFT)
D At) oo At
() Prop. 7.7 ® Lemma 7.8 ®)
equal in dist.
Bt - fi(t)
Lemma 7.9

FIGURE 1. Proof overview for Proposition 7.2: The collections of eigenvalues
A* of H* for different I's are approximated by several stochastic processes.
The processes . = 'V are independent for different I's by definition.

Now we define these processes precisely. From now on we assume that p = 2 in Proposition 7.2
to make our presentation clearer. The case p > 3 is completely analogous. Consider the Ornstein-
Uhlenbeck (OU) flow

dB, >

AX, = — 1%, ar+ 48 Xo=X :
t 5t + \/ﬁ 0 ) (7.3)
for a time )
n
ty = —, (7.4)
n

with some small exponent wy > 0 given as in Proposition 7.2, in order to add a small Gaussian
component to X. Here B, in (7.3) is a standard matrix valued real Brownian motion, i.e. Eab,
a,b € [n] are i.id. standard real Brownian motions, independent of X,. Then we can construct an
i.i.d. matrix X, ; such that

th é)?tf-‘ry/cth, (75)
for some explicit constant ¢ > 0 very close to 1, and U is a real Ginibre matrix independent of X; e
Using a simple Green’s function comparison argument (GFT), by [22, Lemma 7.5], we conclude the
following lemma.
Lemma 7.3. The eigenvalues of H*' and the eigenvalues of flf;, with t; = n~ '/ obtained from

replacing X by )A(tf, are close in the sense that for any sufficiently small wy, 8o, 61 > 0 it holds

s s (s
B Z— =E + _ 1,
=1 m\<n (H 1=1" |iy|<n ()‘lz( )) +n7 nt/ =
(7.6)
where n; € [n~!7% pTitoL,
Next, we consider the matrix flow
dB; ~
dX; = — Xo=X :
t Nk 0 th (7.7)

and denote by H{ the Hermitisation of X, — z. Here B, is a real standard matrix valued Brownian
motion independent of X, and B;. Note that by construction X, is such that

Xctf g )?th (78)

Denote the eigenvalues and eigenvectors of H; by

M) ={ALi@) i e}, {wii) i€ nl} = {(ui(t), £vi{®)]i € ]},
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and the resolvent by G} (w) := (Hf —w) ™" for w € H. For any w = (u,v), withu,v € C™ define
the projections Py, P»: C*"* — C" by

Piw = u, Pw =, (7.9)
and, for any z, 2’ € C, define the eigenvector overlaps by
057 = 057 (1) = AR[(Prw] (1), Praw] () (Pow] (1), Pow} ()], [il. il <n. (710)
Note that by the spectral symmetry of H7 it holds
O  =bi;— iy, O =057, |05 <1, (7.1)

for any |i|, |j| < n. The coefficients @fjizl (t) are small with high probability due to the following
lemma whose proof is postponed to Section 7.3.

Lemma 7.4 (Eigenvectors overlaps are small). For any sufficiently small constants wy,, wq > 0, there
exists wg > 0 so that for any z, 2" € C such that |z|,|2'| <1—n"%", |2 — 2| > n~*4, we have

sup  sup
0<t<T [il,|j]<n

o~* (t)‘ <nYE, (7.12)

1,

with very high probability for any fixed T > 0.

Most of the DBM analysis is performed for a fixed z € {z1, 22}, with z1, 23 as in Proposition 7.2,

for this purpose we introduce the notation
AF;(t) == ©57 (D), (7.13)

for any [i|, |j| < n. In particular, note ©;° = ©}; and so that by (7.11) it follows that A7, (t) =
A% (). ~

By the derivation of the DBM in Appendix B, using the fact that w* = w?, for z = z; with
[ € [2], it follows that (7.7) induces the flow
A1 1AL

—_ " wr z =\ )| < :
\/ﬁ ' n J#i )\f(t) - )\j(t) dt, A (0) Ais |7’| =n, (7 14)

on the eigenvalues {\] (t)}};j<» of H;. Here {)\] }|;/<,, are the eigenvalues of the initial matrix H*.
The martingales {b; };c[,), With b7 (0) = 0, and Aj;(t), the overlap of eigenvectors in (7.13), (7.10),
are defined on a probability space €, equipped with the filtration
(Fo.)osi<r = (0(Xo, (Bs)os<t)) ooy (7.15)
where B, is defined in (7.7). The martingale differentials in (7.14) are such that (see (B.16)—(B.17))
db := dBj; +dBj;, with dBj; := (ui,(dB)v]), 1,j € [n],

8ij + A% (t (7.16)
E[db; db] | Fo] = %’()dt, i, 5 € [n],

dA7 (¢)

and db? ; = — dbj for ¢ € [n]. Here we used the notation 2, for the probability space to emphasize
that is the space where the martingales b* are defined, since in Section 7.1.2 we will introduce
another probability space which we will denote by Q.

In the remainder of this section we will apply Lemma 7.4 for 2 = 21,2’ = zoand 2z = 21, 2" = 2>
and z = z;,2' = 7, for [ € [2], with 21, 2> fixed as in Proposition 7.2. We recall that throughout
this section we assumed that p = 2 in Proposition 7.2. Note that A7}, A7?, ©71%2, ©7} *2 with
lil, |7] < n, are not well-defined if H;*, H;? have multiple eigenvalues. This minor inconvenience
can easily be resolved by a tiny regularization as in [19, Lemma 6.2] (which is the singular values
counterpart of [17, Proposition 2.3]). Using this result, we may, without loss of generality, assume
that the eigenvalues of H;* are almost surely distinct for any fixed time ¢ > 0. Indeed, if this were
not the case then we replace Hj' by

. 0 X —z+e"Q
l P
Horeg = <X* —Zte Q" 0 ) ’ 7:17)

with @ being a complex n x n Ginibre matrix independent of X, i.e. we may regularize X by
adding an exponentially small Gaussian component. Then, by [19, Lemma 6.2], H the evolu-

=)
t,reg’
tion of Hg',., along the flow (7.7), does not have multiple eigenvalues almost surely; additionally,
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the eigenvalues of H;'... and the ones of H;' are exponentially close. Hence, by Fubini’s theo-

,reg

rem, {A7H () }il, 51 <n With T € [2], and {©72°2 () } i1, 51 <n» {©7F 72 (£) }1, 11 <n are well-defined for
almost all ¢ > 0; we set them equal to zero whenever they are not well defined.

Remark 7.5. The perturbation of X in (7.17) is exponentially small, hence does not change anything in
the proof of the local laws in Theorem 3.1 and Theorem 3.5 or in the Green’s function comparison (GFT)
argument in Lemma 7.3, since these proofs deal with scales much bigger than e~". This implies that any
local law or GFT result which holds for H;" then holds true for H;" ., as well. Hence, in the remainder
of this section we assume that [19, Lemma 6.2] holds true for H;' (the unperturbed matrix).

The process (7.14) is well-defined in the sense of Proposition 7.6, whose proof is postponed to
Section 7.6.

Proposition 7.6 (The DBM in (7.14) is well-posed). Fix z € {21, 22}, and let Hf be defined by the
flow (7.7). Then the eigenvalues X(t) of Hf are the unique strong solution to (7.14) on [0, T}, for any
T > 0, such that A(t) is adapted to the filtration (Fy1)o<e<t, A(t) is y-Holder continuous for any
v € (0,1/2), and

P()\_n(t) < <A (t) <0< A(E) < - < An(t), for almostall t € [0, T]) ~ 1L

In order to prove that the term A%; in (7.14) is irrelevant, we will couple the driving martingales
in (7.14) with the ones of a DBM that does not have the additional term A; (see (7.22) below).
For this purpose we have to consider the correlation of {b;* }|;j<n, {b;}}ij<n for two different
z1, z2 € Casin Proposition 7.2. In the following we will focus only on the driving martingales with
positive indices, since the ones with negative indices are defined by symmetry. The martingales
b* = {b;'}icn), With I = 1,2, are defined on a common probability space equipped with the
filtration (Fp.¢)o<t<r from (7.15).

We consider b*!, b*2 jointly as a 2n-dimensional martingale (b*',b*?). Define the naturally
reordered indices

i=(-Dn+i,  j=(m-1n+j
with {,m € [2], 4,7 € [n], and i,j € [2n]. Then the correlation between b**, b*2 is given by
O™ () 4+ @717 (¢
Cyi(t)dt == E[db] db>™ | Fyy] = —2 ® — ®
Note that C(¢) is a positive semi-definite matrix. In particular, taking also negative indices into
account, for a fixed z € {z1, 22}, the family of martingales b = {b7 } ;< is such that
bij — 0i,—5 + A5 (1)

E[db] db | Foe] = 5 dt, i, |5] < n. (7.19)

dt i,j € [2n]. (7.18)

7.1.1. Comparison of X with the regularised process A. By Lemma 7.4 the overlaps ©7 ]Iz/ are typically
small for any z, 2’ € C such that |z|,|2'| < 1 —n"“" and |z — 2| > n™*4. We now define their
cut-off versions (see (7.21) below). We only consider positive indices, since negative indices are
defined by symmetry. Throughout this section we use the convention that regularised objects will
be denoted by circles. Let z;, with I € [2] be fixed throughout Section 7 as in Proposition 7.2. Define
the 2n x 2n matrix C(t) by

O™ (t) + 077 (1)

Cy(t) == =4 5 i,jen], 1ije[2n], (7.20)

where @f]lzl = §;; fori, j € [n], and
O (t) : = 0772(t) - 1 (A(t) <n 7)), O (1) =07 () - 1 (A(t) <n ")

A(t) = A2 () = max [AZH(B)] + A7 ()] + 1077 ()] + |07 (1)

lil,l5]<n g

7 (7.21)

for any I, m € [2], recalling that A}l = ©7 1 Note that by Lemma 7.4 it follows that C(t) = C(t)
on a set of very high probability, and C(t) = 11, with I the 2n x 2n identity matrix, on the
complement of this set, for any ¢ € [0, 7). In particular, C(t) is positive semi-definite for any
t € [0, T, since C(t), defined as a covariance in (7.18), is positive semi-definite. The purpose of the
cut-off in (7.20) it is to ensure the well-posedness of the process (7.22) below.
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We compare the processes A*! (t) in (7.14) with the regularised processes A* (t) defined, for z = z,
by

.. db? 1 1 . . )
dA; = T +5 ; e dt, A (0) =X (0), || <m, (7.22)
with w, > 0 such that wy < w, < wg. We organise the martingales b**, b*? with positive indices
into a single 2n-dimensional vector b = (b*!, b*?) with a correlation structure given by (7.18). Then
by Doob’s martingale representation theorem [41, Theorem 18.12] there exists a standard Brownian
motiontv = (0™, w?) € R" realized on an extension (€%, F»,;) of the original probability space
(Q, Fo,¢) such that db = +/C dr, with v/C = /C(t) the matrix square root of C(t). Moreover,
w(t) and C(t) are adapted to the filtration 7, ;. Then the martingales b* = {bf’ Yieln), with 1 € 2],

are defined by b* (0) = 0 and
b (1)) [ (Ao )

where \/C(t) denotes the matrix square root of the positive semi-definite matrix C(t). For neg-
ative indices we define b_; = —b;, with i € [n]. The purpose of the additional factor 1 + n=“"
in (7.22) is to ensure the well-posedness of the process, since b7 is a small deformation of a family
of i.i.d. Brownian motions with variance 1/2, and the well-posedness of (7.22) is already critical for
those Brownian motions (it corresponds to the GOE case, i.e. 3 = 1). The well-posedness of the
process (7.22) is proven in Appendix A. The main result of this section is the following proposition,
whose proof is deferred to Section 7.4.

Proposition 7.7 (The regularised process A is close to A). For any sufficiently small wg,wp,ws > 0
such that w, < wy < 1 there exist small constants @,w > 0 such that w, € © € w K wy, and that
for|zi — Zi|, |zt — Zml, |2t — 2m| > 079, |z| <1 —n~%h, with | # m, it holds

INjH(etr) = At (etp)l <m0 i <
with very high probability, where t ; = n~'7%s and ¢ > 0 is defined in (7.5).

7.1.2. Definition of the partially correlated processes A, fi. The construction of the partially correlated
processes for \*! (t) is exactly the same as in the complex case [22, Section 7.2]; we present it here as
well for completeness. We want to compare the correlated processes A*! (¢), with [ = 1, 2, defined
on a probability space Q;, equipped with a filtration 7 ; with carefully constructed independent
processes ') (t),1 = 1,2 on a different probability space Q5 equipped with a filtration Fj ¢, which
is defined in (7.25) below. We choose " (t) to be a complex Ginibre DBM, i.e. it is given as the
solution of

5() 1 (1) ) .
A (t) = - ——————dt, )=, il <n, (24
Von 2n§w<t> 80 (t)

with ugl) the singular values, taken with positive and negative sign, of independent complex Gini-
bre matrices X, and 8V = {Bf” }ie[n) being independent vectors of i.i.d. standard real Brownian
motions, and B(fz = 765” for i € [n]. The filtration F3 ; is defined by

(Foocrer = (XD (B ocoze, €M ocociil € [2)) oo (7.25)

with E @) standard real i.i.d. Brownian motions, independent of B, which will be used later in the
definition of the processes in (7.29).

The comparison of A* (t) and p") (¢) is done via two intermediate partially correlated processes
AD(t), 5 (¢) so that for a time ¢ > 0 large enough X(l)( t), ﬁg”( t) for small indices ¢ will be close
to )\fl (t) and ugl)( t), respectively, with very high probability. Additionally, the processes A%, 5
will be constructed such that they have the same joint distribution:

R0x20) L (EY0.E70) (7.26)

0<t<T 0<t<T

for any 7' > 0.
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Fixwa > 0such that wy, < wa < wy, and for € [2] define the process A (¢) to be the solution
of
1 1 (n(lJrrf“’T))_l/2 dbt,  |i| < A
AP () = Z = At { 12 ) v - (7.27)
2n AV - 2P (2n)~1/2 bV, n“a < |i| <mn,
with initial data (¥ (0) being the singular values, taken with positive and negative sign, of indepen-
dent complex Ginibre matrices Y ") independent of A* (0). Here db;" is the martingale differential
from (7.22) which is used for small indices in (7.27). For large indices we define the driving martin-
gales to be an independent collection {{E(l)}" wa 41 |1 € [2]} of two vector-valued i.i.d. standard
real Brownian motions which are also independent of {{biZ 1]l €[2]},and thatgg = 755” for
€ [n]. The martingales b, with [ € [2], and {{b(l)} nway1 | 1 € [2]} are defined on a common
probablhty space that we continue to denote by €, with the common filtration F, ;, given by

(]:b’t)ogth = (U(X07Y( )7 (Bs)0§s§t7 (E(l))0§5§t§l € [2]))O§t§T'

The well-posedness of (7.27), and of (7.29) below, readily follows by exactly the same arguments as
in Appendix A.

Notice that A(t) and X() differ in two aspects: the driving martingales with large indices for
A(t) are set to be independent, and the initial conditions are different. Lemma 7.8 below states
that these differences are negligible for our purposes (i.e. after time ct; the two processes at small
indices are closer than the rigidity scale 1/n). Its proof is postponed to Section 7.5.1. Let psc(E) =
5=1/4 — E? denote the semicircle density.

Lemma 7.8 (The partially correlated process A is close to A). Let A% (t), A (), with | € [2],
be the processes defined in (7.22) and (7.27), respectively. For any sufficiently small wy,,ws > 0 such
that w, < wy < 1 there exist constants w, & > 0 such that wp, € @ K w K wy, and that for
|z1] <1 —n~%mit holds

[P AT (ets) = pe(OX (ety) <™ 7, i] <0, (7.28)
with very high probability, where t; := n~ 7%/ and ¢ > 0 is defined in (7.5).
Finally, iV (¢), the comparison process of (" (t), is given as the solution of the following DBM

_ —1/2 ;22 .
- 1 1 14+n—r d¢;t, i < nv4,
du(”( t) = o Z ~(1) ~(1) dt + { ( ( 1/2 4 (z))) | LA , (7:29)
nozE R () — g (t) (2n)~/7dg, n®4 < il <n,
with initial data " (0) = Y. We now explain how to construct the driving martingales in (7.29)
so that (7.26) is satisfied. For this purpose we closely follow [22, Egs. (7.22)-(7.29)]. We only consider
positive indices, since the negative indices are defined by symmetry. Define the 2n“4 -dimensional
martingale b := {{b]' };c(nwa) | I € [2]}. Throughout this section underlined vectors or matrices
denote their restriction to the first ¢ € [n“4] indices within each [-group, i.e.

{vi if e nal

veC" =uve CQ”M7 with v, :=

’ Vignwa if 4 €n+4[n¥4].
Then we define C(t) as the 2n“4 x 2n“4 positive semi-definite matrix which consists of the four
blocks corresponding to index pairs {(i,j) € [n“4]?} of the matrix C(t) defined in (7.20). Sim-
ilarly to (7.23), by Doob’s martingale representation theorem, we obtain db = (C)'/?d@ with
o(t) := {{0( )(t t)}ie wA | I € [2]} a family of ii.d. standard real Brownian motions. We define
an independent copr (s) of C(s) and 8 := {{ﬁi(l)}ie[nwf;] | 1 € [2]} such that (Q# (t),B(t)) has
the same joint distribution as (C(t), 8(t)). We then define the familiesé = {{Cf’ Yiemeay |1 € [2]}
by g (0) =0and

o o # 1/2
A = (C*m) " ap), (7.30)
and extend this to negative indices by (¥, = —¢;* for i € [n“4]. For indices n“4 < |i| < n, instead,
we choose {(} (l)}l nwa 1 to be independent families (independent of each other for different I’s,
and also independent of 3) of i.i.d. Brownian motions defined on the same probability space Q.
Note that (7.26) follows by the construction in (7.30).
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Similarly to Lemma 7.8 we also have that p(t) and z(t) are close thanks to the carefully de-
signed relation between their driving Brownian motions. The proof of this lemma is postponed to
Section 7.5.1.

Lemma 7.9 (The partially correlated process f is close to ). For any sufficiently small wq, wp,,wy >
0, there exist constants w, > 0 such that w, K @ € w K wy, and that for |z; — zm|, |21 — Zm|, |21 —
Zi| > n7Y, |z <1 —n"Yr, withl,m € [2], | # m, it holds

i (ety) =B (etg)| <n 7T il <0, 1€, (7.31)
with very high probability, where t; = n~'7%s and ¢ > 0 is defined in (7.5).

7.1.3. Proof of Proposition 7.2. In this section we conclude the proof of Proposition 7.2 using the
comparison processes defined in Section 7.1.1 and Section 7.1.2. We recall that p = 2 for simplicity.
More precisely, we use that the processes A% (t), A () and A% (), A (t) and 5 (), u® (¢) are
close path-wise at time ¢1, as stated in Proposition 7.7, Lemma 7.8, and Lemma 7.9, respectively,
choosing w, & as the minimum of the ones in the statements of this three results. In particular, by
these results and Lemma 7.3 we readily conclude the following lemma, whose proof is postponed
to the end of this section.

Lemma 7.10. Let \* be the cigenvalues of H*, and let u' (t) be the solution of (7.24). Let w, &, wy, >
0 given as above, and define v., := psc(0)/p* (0), then for any small wy > 0 such that wy, < wy there
exists do, 01 such that wp, < dpm K &, form = 0,1, and that

EH Z H Z 0 > +O0(¥), (7.32)

=1 \m<nw I=1"" |i;|<n® M” (th) D2+

wheret; =n~ T,y € [n’l";“,n’u‘sl], and the error term is given by

~ 2 2 2
n® 1 né n2§+250tf 1 n2(61+d0)
U= —— - 1+ — )+ —Ly =4 ———. :
(z ) e e

We remark that ¥ in (7.33) denotes a different error term compared with the error terms in (3.9)
and (6.10).

By the definition of the processes (! (¢) in (7.24) it follows that gV (¢), (™ (¢) are independent
for I # m and so that

EH > IHE > o —. (7.34)

l
=1 li | <n® (N’El)(th + nl =1 lig| <n® (M” (th)yzl)Q + m

Then, similarly to Lemma 7.10, we conclude that

HE% > (”) =[Ie- > x +O(¥). (7.35)

l
=1 |3 | <n® =1 li] | <n®@ (IU"EL)(th)VZl)Q +T]l2

S|

Finally, combining (7.32)-(7.35) we conclude the proof of Proposition 7.2. ([l
We remark that in order to prove (7.35) it would not be necessary to introduce the additional
comparison processes XD and 1™ of Section 7.1.2, since in (7.35) the product is outside the expec-
tation, so one can compare the expectations one by one; the correlation between these processes
for different I’s plays no role. Hence, already the usual coupling (see e.g. [15, 18, 45]) between the
processes A% (t), uV (t) defined in (7.14) and (7. 24) respectively, would be sufficient to prove (7.35).
On the other hand, the comparison processes A*! (t) are anyway needed in order to remove the
coeflicients A;; (which are small with very high probability) from the interaction term in (7.14).
We conclude this section with the proof of Lemma 7.10.

Proof of Lemma 7.10. In the following, to simplify notations, we assume that the scaling factors v,
are equal to one. First of all, we notice that the summation over the indices n® < |i| < n in (7.6)
can be removed, using the eigenvalue rigidity (7.2) similarly to [22, Eq. (7.6)-(7.7)], at a price of an
additional error term n?(%1+%0) =&,

n2(61+30)
EH Z T H Z zl Hzl 2 +0 ( v ) . (7.36)

=1 lig|<n® =1 \zl\<n
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The error term is negligible by choosing do, d1 to be such that w, < 6, < @, for m = 0, 1. Then,
from the GFT Lemma 7.3, and (7.8), using (7.36) again, this time for )\fl (cty), we have that

EH ZT—EH ZTW

=1 |3 | <n® =1 [i|<n® (737)
n2§+250tf 21 n2(51+50)>

oy,
* < nl/2 ;m+ nw

We remark that the rigidity for A;! (ct;) is obtained by Theorem 3.1 exactly as in (7.2). Next, by the
same computations as in [22, Lemma 7.8] by writing the difference of Lh.s. and r.h.s. of (7.38) as a
telescopic sum and then using the very high probability bound from Proposition 7.7 we get

EH > z— H Yo w5 T, (739)
=1 |qy|<n® )\ l th =1 |iy|<n® ()\(l) cty) +7712
Similarly to (7.38), by Lemma 7.8 it also follows that
2
1 T]l
E Z— =E]||- —— + O(V). (7.39)
ll_[l m%w  (etr)) 11 n ZA (N (et i

By (7.26) it readily follows that

EH > _EH% > s (7.40)

=1 \Zl\<n“’ A(l) Ct +771 I=1"" |4 |<n® (:uil (th))2 +7712
Moreover, by (7.31), similarly to (7.38), we conclude
2
1 m
SIEDS o =Pl X ot row. g
e () e () (et)? +
Combining (7.37)-(7.41), we conclude the proof of (7.32). O

Finally, we conclude Section 7.1 by listing the scales needed in the entire Section 7 and explain
the dependences among them.

7.1.4. Relations among the scales in the proof of Proposition 7.2. Throughout Section 7 various scales
are characterized by exponents of n, denoted by w’s, that we will also refer to scales for simplicity.

All the scales in the proof of Proposition 7.2 depend on the exponents wa,wn,w; < 1. We
recall that wg, wy, are the exponents such that Lemma 7.4 on eigenvector overlaps holds under the
assumption |z; — zm|, |21 —Zm/|, |21 —Z1| > n7*¢, and |z;| < 1—n"*". The exponentw; determines
the time t; = n~'7“f to run the DBM so that it reaches its local equilibrium and thus to prove the
asymptotic independence of A’ (cty) and A;™ (cty), with ¢ > 0 defined in (7.5), for small indices
1,5 and [ # m.

The most important scales in the proof of Proposition 7.2 are w, ®, do, d1,wg. The scale wg is
determined in Lemma 7.4 and it controls the correlations among the driving martingales origi-
nating from the eigenvector overlaps in (7.1)—(7.13). The scale w gives the n~'~* precision of the
coupling between various processes while & determines the range of indices |i| < n® for which
this coupling is effective. These scales are chosen much bigger than w;, and they are determined
in Proposition 7.7, Lemma 7.8 and Lemma 7.9, that describe these couplings. Each of these results
gives an upper bound on the scales w, @, at the end we will choose the smallest of them. Finally,
0, 61 describe the scale of the range of the n’s in Proposition 7.2. These two scales are determined
in Lemma 7.10, given w, & from the previous step. Putting all these steps together, we constructed
w, @, b0, 01 claimed in Proposition 7.2 and hence also in Proposition 3.4. These scales are related as

wh L 0m €0 K w L wy Kwe KL 1, wpg = 4wq, (7.42)

form =0, 1.

Along the proof of Proposition 7.2 four auxiliary scales, wr,, w4, wr, w, are also introduced. The
scale wy, describes the range of interaction in the short range approximation processes (¢, «)
(see (7.60) later), while w 4 is the scale for which we can (partially) couple the driving martingales of
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the regularized processes A*! (t) with the driving Brownian motions of Ginibre processes pu(") (¢).
The scale w, is a cut-off in the energy estimate in Lemma 7.13, see (7.68). Finally, w, reduces the
variance of the driving martingales by a factor (1 + n~*")~! to ensure the well-posedness of the

processes A= (t), X(l)(t), o,z (t, @) defined in (7.22), (7.27), (7.29), and (7.48), respectively. These
scales are inserted in the chain (7.42) as follows

whp K wa K wp Lwp K we L wr K WE. (7.43)

Note that there are no relations required among w4 and w, @, 6.

7.2. Universality and independence of the singular values of X — 21, X — 2> close to zero:
Proof of Theorems 2.8 and 2.10. In the following we present only the proof of Theorem 2.10,
since the proof of Theorem 2.8 proceeds exactly in the same way. Universality of the joint distri-
bution of the singular values of X — z; and X — z; follows by universality for the joint distribution
of the eigenvalues of H*! and H??, which is defined in (1.2), since the eigenvalues of H* are exactly
the singular values of X — z; taken with positive and negative sign. From now on we only consider
the eigenvalues of H*, with z; € C such that |Sz;| ~ 1, |21 — 22],|21 — Z2| ~ 1,and |z| < 1 —¢
for some small fixed € > 0.

For € [2], denote by {\;" }|; <., the eigenvalues of H* and by {\}*(¢)},4/<, their evolution un-
der the DBM flow (7.14). Define {.{" (t)}4)<n, for I € [2], to be the solution of (7.24) with initial data
{ @”}M <n, Which are the eigenvalues of independent complex Ginibre matrices XM X® Then,
defining the comparison processes A* (£), A (¢), 1V (¢) as in Sections 7.1.1-7.1.2, and combining
Proposition 7.7, Lemma 7.8, and Lemma 7.9, we conclude that for any sufficiently small wy > 0
there exist w, & > 0 such that ¥ <« w < wy, and that

[P (O)AT (ct ) — pac(O)pl (ctp)| <n ™' 7%, il <n®, (7.44)

with very high probability, with ¢ > 0 defined in (7.5).

Then, by a simple Green’s function comparison argument (GFT) as in Lemma 7.3, using (7.44),
by exactly the same computations as in the proof of [21, Proposition 3.1 in Section 7] adapted to
the bulk scaling, i.e. changing b, ;, — 0 and N*/* — 2n, using the notation therein, we conclude
Theorem 2.10.

7.3. Bound on the eigenvector overlaps. In this section we prove the bound on the eigenvector
overlaps, as stated in Lemma 7.4. For any 7" > 0, and any ¢ € [0, T, denote by p; the self consistent
density of states (scDOS) of the Hermitised matrix H7, and define its quantiles by

7

A )
— = / o7 () dz, i € [n], (7.45)
n 0

and 2 ;(¢t) = —v; (¢) for i € [n]. Similarly to (7.2), as a consequence of Theorem 3.1 and the fact that
the eigenvalues of H,' are y-Holder continuous in time for any v € (0, 1/2) by Weyl’s inequality,
by standard application of Helffer-Sjostrand formula, we conclude the following rigidity bound

. . nlOOwh
sup A (t) =" ()] <

0<t<T 2B +1—14)/3 i € [n], (7.46)

with very high probability, uniformly in |z;| < 1 — n~“». A bound similar to (7.46) holds for
negative indices as well. We remark that the Holder continuity of the eigenvalues of H;" is used to
prove (7.46) uniformly in time, using a standard grid argument.

The main input to prove Lemma 7.4 is Theorem 3.5 combined with Lemma 6.1.

Proof of Lemma 7.4. Recall that Piw] = uf and Pow] = sign(i)vf, for |i| < n, by (7.9). In the
following we consider z, 2’ € Csuchthat |z, |2'| < 1—n"*",|z—2'| > n™4, for some sufficiently
small wp,, wg > 0.

Eigenvector overlaps can be estimated by traces of products of resolvents. More precisely, for
anyn > n~ 23+ for some small fixed e, > 0,and any |io|, |jo| < 7, using the rigidity bound (7.46),
similarly to [22, Eq. (7.43)], we have that

(ud, (), ul (D) S n? Te(SGE (45, (1) + ) Ex (SG* (v () + in)) En,

z z' 2 2 z z . 2! 2! . (747)
(v, (1), 05, ()] S 1° Te(SG* (7, (1) + in)) B2 (SG* (75, () + 1)) Bz,
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with E;, E» defined in (5.8). By Theorem 3.5, combined with Lemma 6.1, choosing = n~'2/23,
say, the error term in the r.h.s. of (3.17) is bounded by n=1/23p2%a+100«r hence we conclude the
bound in (7.12) for any fixed time ¢ € [0,T], choosing wg = —(2wq + 100w, — 1/23), for any
wh < wa < 1/100.

Moreover, the bound (7.12) holds uniformly in time by a union bound, using a standard grid
argument and Holder continuity in the form

19GiSG; =966 || s n® (117 — B ||+ |1 = 1) S 0™ — o]

for any s, t € [0, T], where the spectral parameters in the resolvents have imaginary parts at least
n > 1/n. This concludes the proof of Lemma 7.4. (I

7.4. Proof of Proposition 7.7. Throughout this section we use the notation z = z;, with [ € [2],
with z1, 22 fixed as in Proposition Proposition 7.7.

Remark 7.11. In the remainder of this section we assume that |z| < 1 — €, with some positive € > 0
instead of n™“", in order to make our presentation clearer. One may follow the e-dependence throughout
the proofs and find that all the estimates deteriorate with some fixed ¢~ power, say ¢~ '°°, Thus, when
|z] <1 —n~“nis assumed, we get an additional factor n*°°“* but this does not play any role since wy,
is the smallest exponent (e.g. see Proposition 7.7) in the analysis of the processes (7.14), (7.22).

The proof of Proposition 7.7 consists of several parts that we first sketch. The process A*(t)
differs from A*(t) in three aspects: (i) the coeflicients A; (¢) in the SDE (7.14) for A*(¢) are removed;
(ii) large values of the correlation of the driving martingales is cut off, and (iii) the martingale
term is slightly reduced by a factor (1 + n“")~*/2. We deal with these differences in two steps.
The substantial step is the first one, from Section 7.4.1 to Section 7.4.4, where we handle (i) by
interpolation, using short range approximation and energy method. This is followed by a more
technical second step in Section 7.4.5, where we handle (ii) and (iii) using a stopping time controlled
by a well chosen Lyapunov function to show that the correlation typically remains below the cut-
off level.

A similar analysis has been done in [17, Section 4] (wWhich has been used in the singular value setup
in [19, Eq. (3.13)]) but our more complicated setting requires major modifications. In particular, (7.14)
has to be compared to [17, Eq. (4.1)] with dM; = 0, Z; = 0, and identifying AZ; with ~;;, using the
notations therein. One major difference is that we now have a much weaker estimate |A};| < n™*7
than the bound |y;;| < n™ '™, for some small fixed a > 0, used in [17). We therefore need to
introduce an additional cut-off function x in the energy estimate in Section 7.4.4.

7.4.1. Interpolation process. In order to compare the processes A* and \* from (7.14) and (7.22) we
start with defining an interpolation process, for any « € [0, 1], as

dzi(t,a) =

b? 1 A% (¢
d, e > +al; (1) dt, z7(0,a) = A7 (0), [i| <n. (7.48)

n(l4+n-vr) 2n o zi(t, ) — 25 (t, @)

We recall that wy < wr < wg. We use the notation z (¢, «) instead of z;(¢, @) as in [17, Eq. (4.12)]

to stress the dependence of z} (¢,a) on z € C. The well-posedness of the process (7.48) is proven

in Appendix A for any fixed o € [0, 1]. In particular, the particles keep their order 27 (¢,a) <
x7y1(t, ). Additionally, by Lemma A.2 it follows that the differentiation with respect to « of the
process * (¢, «) is well-defined.

Note that the process z*(t, ) does not fully interpolate between A*(t) and A*(¢); it handles
only the removal of the A,; term. Indeed, it holds «*(t,0) = A*(t) for any ¢ € [0, T), but 2*(¢, 1)
is not equal to A*(t). Thus we will proceed in two steps as already explained:

Step1 The process x*(t, o) does not change much in « € [0, 1] for particles close to zero (by
Lemma 7.13 below), i.e. z7(¢,1) — x(¢,0) is much smaller than the rigidity scale 1/n for
small indices;

Step 2 The process x* (¢, 1) is very close to A*(¢) for all indices (see Lemma 7.14 below).

We start with the analysis of the interpolation process x* (¢, «), then in Section 7.4.5 we state and
prove Lemma 7.14.
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7.4.2. Local law for the interpolation process. In order to analyse the interpolation process * (¢, «),
we first need to establish a local law for the Stieltjes transform of the empirical particle density.
This will be used for a rigidity estimate to identify the location of x;(t, o) with a precision n='7¢,
for some small € > 0, that is above the final target precision but it is needed as an a priori bound.
Note that, unlike for A*(¢), for x* (¢, ) there is no obvious matrix ensemble behind this process,
so local law and rigidity have to be proven directly from its defining equation (7.48).

Define the Stieltjes transform of the empirical particle density by

1 1
mn(w,t,a) = m;(w,t,a) == o ) —w
lij<n TN

(7.49)

and denote the Stieltjes transform of p?, the self-consistent density of states (scDOS) of H*, by m*(w).
Moreover, we denote the Stieltjes transform of pf, the free convolution of p* with the semicircular
flow up to time ¢, by m7 (w). Using the definition of the quantiles ~7 (¢) in (7.45), by Theorem 3.1 we
have that

- nsC.
sup sup sup |mn(w,0,a) —m*(w)| < ——,
[Rw|<10c1 n—1+7 <Sw<10 a€[0,1] nsw
¢ (7.50)
Cen

sup  sup |z7(0, ) — 77 (0)] < ,

|i|<10can a€[0,1] n

with very high probability for any £ > 0, uniformly in |z| < 1—¢, for some small fixed ¢, c2,v > 0.
We recall that C. < ¢7'%. The rigidity bound in the second line of (7.50) follows by a standard
application of Helffer-Sjgstrand formula.

In Lemma 7.12 we prove that (7.50) holds true uniformly in 0 < ¢ < ¢;. For its proof, similarly
to [17, Section 4.5], we follow the analysis of [40, Section 3.2] using (7.50) as an input.

Lemma 7.12 (Local law and rigidity). Fix |z| < 1 — ¢ and assume that (7.50) holds with some
v, ¢1,c2, Ce > 0, then

C.n®
sup sup sup sup |my(w,t, ) —m(w)] < f\ ,
[Rw|<10cy n—=1+7 <Fw<10 a€l0,1] 0<t<ty nJw
(751)
z z Ceng
sup sup  sup |$z (t7 O‘) — Y (t)| < )
|i|<10con a€[0,1] 0<t<tf n

with very high probability for any £ > 0, with 7 (t) ~ i/n for |i| < 10con and t € [0, t].

Proof. Differentiating (7.49), by (7.48) and Itd’s formula, we get

1 di)z (0% /Q\i]'
dma = mn(Gumn) dt = 2n3/2y/1 + n—wr ngn (zi —w)? + 4n? Z (i —w)?(z; —w) d

lil;|7]<n

1 Z [1 —a—n"“"(1+ nf“”)fl};\n'

+
[iI<n (m: —w)?

(7:52)
Note that by (7.20)—(7.21) it follows that

Aij (1) = Aij (1), (l;i(s))ogsSt = (6:(5)) g< <y (7.53)
with very high probability uniformly in 0 < ¢ < ¢y, where A;; and (b;i(s))o<s<¢ are defined
in (7.10)—(7.13) and (7.15)—(7.16), respectively.

The equation (7.52) is the analogue of [40, Eq. (3.20)] with some differences. First, the last two
terms are new and need to be estimated, although the penultimate term in (7.52) already appeared
in [17, Eq. (4.62)] replacing A; by Ji;, using the notation therein. Second, the martingales in the
second term in the r.h.s. of (7.52) are correlated. Hence, in order to apply the results in [40, Section
3.2] we prove that these additional terms are bounded as in [17, Eq. (4.64)]. Note that in [17, Eq. (4.64)]
the corresponding term to the penultimate term in the r.h.s. of (7.52) is estimated using that 7;; <
n~179, for some small ¢ > 0. In our case, however, the bound on |1°X| is much weaker and a crude
estimate by absolute value is not affordable. We will use (7.53) and then the explicit form of A;;
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in (7.10)-(7.13), that enables us to perform the two summations and write this term as the trace of
the product of two operators (see (7.57) later).
Since |As| < n~“F by its definition below (7.21), the last term in (7.52) is easily bounded by

1 I—a—-n"“"(14+n"“") YAy S (w)
= <

(x: —w)3 ~ nlten(Sw)?’ 759

li]<n
Next, we proceed with the estimate of the penultimate term in (7.52). Define the operators
T(t,a) = Y flait,)wi®)wi ()], S(t,a) =Y glz:t,0))wO)@:(1))", (755
li|<n li|<n
where {w;(t)};|<n» are the orthonormal eigenvectors in the definition of A;;(t) in (7.10), and for
any fixed w € H the functions f,g: R — C are defined as

f@) = ¢ L )= ——. (756)

x —w)? T —w

Then, using the definitions (7.55)—(7.56) and (7.53), we bound the last term in the first line of (7.52) as

« /Q\ij
4n? Z (i —w)?(z; —w) d

lil;|7]<n

= |50 [(PTRP.SP) + Te(PT RSP |

Tr [P15P2(P18P2)*]

Sw

A

SwTr[PTP(PITP) | +

A

L [sw S+ 5 3 lg(xi”Q] < %5)0)

lil<n lil<n
(7.57)

with very high probability uniformly in 0 < ¢ < ¢y. Note that in the first equality of (7.57) we used
that A,;(t) = A (¢) for any 0 < ¢ < t; with very high probability by (7.53).

Finally, in order to conclude the proof, we estimate the martingale term in (7.52). For this pur-
pose, using that E[db; db; | Fy¢] = (8:; — 6i,—j + A;)/2 dt and proceeding similarly to (7.57), we
estimate its quadratic variation by

1 E[db; db; | F..] 1 1
T 2 (e —wE C sAA T 2 T

4 3 1 —wr
nPAART) i jil<n
1 1
dt
+ 8n3(1 +n~wr) mz<n (xs +w)?(z: —w)2
1 A
- dt
* 8n3(1 +n—wr) \i\%QL (i —w)?(z; —w)?
Smap (w) 1 «
Sman (w)
~ n2(Qw)3’
(7.58)

where the operator 7" is defined in (7.55), and in the penultimate inequality we used that A,; (¢) =
Ayj;(t) for any 0 < t < t; with very high probability.

Combining (7.54), (7.57), and (7.58) we immediately conclude the proof of the first bound in (7.51)
using the arguments of [40, Section 3.2]. The rigidity bound in the second line of (7.51) follows by
a standard application of Helffer-Sjostrand (see also below (7.50)). O

7.4.3. Short range approximation. Since the main contribution to the dynamics of (¢, &) comes
from the nearby particles, in this section we introduce a short range approximation process Z* (¢, o),
which will very well approximate the original process x* (¢, o) (see (7.63) below). The actual inter-
polation analysis comparing @ = 0 and a = 1 will then be performed on the short range process
Z*(t, o) in Section 7.4.4.
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Fix wr, > 0 so that wy <« wr, < wg, and define the index set
A= {(0,5) | i = j| <0} U{(3,4) | il, 5] > 5ean}, (7.59)

with c; > 0 defined in (7.51). We remark that in [17, Eq. (4.69)] the notation w; is used instead of
wr; we decided to change this notation in order to not create confusion with w; defined in [22,
Eq. (7.67)]. Then we define the short range approximation Z~ (¢, «) of the process x*(¢, «) by

. db; 1 1+ ahi;(t) 1 1
d#f(ta) = e 0~ S ORI gy Y
vn n e, Zi(t,a) =73t @) n e, x7(t,0) — 2% (t,0)
J#i J#u
77 (0,a) = 27 (0, ), li] <n.

(7.60)

The well-posedness of the process (7.60) follows by nearly identical computations as in the proof
of Proposition A.1.

In order to check that the short range approximation *(t, «) is close to the process *(¢, «),
defined in (7.48), we start with a trivial bound on |z} (¢, a) — (¢, 0)] (see (7.61) below) to estimate
the difference of particles far away from zero in (7.62), for which we do not have the rigidity bound
in (7.51). Notice that by differentiating (7.48) in « and estimating |A; | trivially by n=“%, it follows
that

sup sup sup |zi(t,a) — i (t,0)| <n wE/2, (7.61)
0<t<ty |i|<n a€[0,1]
similarly to [17, Lemma 4.3].

By the rigidity estimate (7.51), the weak global estimate (7.61) to estimate the contribution of the
far away particles for which we do not know rigidity, and the bound |A;;| < n~“® from (7.21) it
follows that

1 1 1 14 aly;(t) CwE/2 | —wp e
— _ — — ——— 2 | < YEE T (7.62)
n j:(i%)gA, z7(t,0) — 2%(t,0)  2n j:(i%)gA, zi(t,a) — 75 (t, @)
JIF JF

for any £ > 0 with very high probability uniformly in 0 < ¢ < ¢;. Hence, by exactly the same
computations as in [45, Lemma 3.8], it follows that

wpamsw|fumfﬁuan<ﬁw<—L~+1) (769
ac(0,1] [i|<n 0<t<t; i \by i \by = n nWE/2 nerL . .

Note that (7.63) implies that the second estimate in (7.51) holds with z7 replaced by z7. In order
to conclude the proof of Proposition 7.7 in the next section we differentiate in the process * in «
and study the deterministic (discrete) PDE we obtain from (7.60) after the a-derivation. Note that
the a-derivative of £* is well defined by Lemma A.2.

7.4.4. Energy estimate. Define v; = v} (¢, o) := 0,75 (L, ), for any |i| < n. In the remainder of this
section we may omit the z-dependence since the analysis is performed for a fixed z € C such that
|z| <1 — ¢ for some small fixed € > 0. By (7.60) it follows that v is the solution of the equation
O = —(Bv)i + &, vi(0)=0, i <mn, (7.64)
where
1+ Oc/o\ij (t)
20 a) — 25 (6 )2

(Bv)i:= Y Bij(vy—v), Bi=Bi(t,a):= 1((i,5) € A), (7.65)
Ji(i,j)€A
and )
. _ 1 Aij (1)
G=Glto)=g. >, =Ty
Ji:(i,5)eA
Before proceeding with the optimal estimate of the £ -norm of v in (7.67), we give the following
crude bound

sup sup sup |vi(t, )] <1, (7.66)
[i|<n 0<t<ty a€[0,1]
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that will be needed as an a priori estimate for the more precise result later. The bound (7.66)
immediately follows by exactly the same computations as in [17, Lemma 4.7] using that |A,;| <
n=YE,

The main technical result to prove Step 1 towards Proposition 7.7 is the following lemma. In
particular, after integration in a, Lemma 7.13 proves that the processes *(¢,1) and *(¢,0) are
closer than the rigidity scale 1/n.

Lemma 7.13. For any small ws > 0 there exist small constants w,@ > 0 such that ¥ < w < wy and

sup sup sup |vi(t)] <n7'TY, (7.67)
a€(0,1] |i|<n® 0<t<ty

with very high probability.

This lemma is based upon the finite speed of propagation mechanism for the dynamics (7.64) [31,
Lemma 9.6]. Our proof follows [13, Lemma 6.2] that introduced a carefully chosen special cut-off
function.

Proof. In order to bound |v;(t)| for small indices we will bound ||vx||« for an appropriate cut-
off vector x supported at a few coordinates around zero. More precisely, we will use an energy
estimate to control ||vx||2 and then we use the trivial bound ||vx||s < ||vX]|2. This bound would
be too crude without the cut-off.

Let ¢(x) be a smooth cut-off function which is equal to zero for |z| > 1, it is equal to one if
|z] < 1/2. Fix a small constant w. > 0 such that wy <« wr < we. < wg, and define

opnl—we _
x(z) :=e? ©o((2¢2) '), (7.68)
for any = > 0, with the constant c2 > 0 defined in (7.51). It is trivial to see that x is Lipschitz, i.e.
—(z nl—we —w
x(@) = x| S e —yln! T, (7.69)
for any z,y > 0, and that
—(z nl-we —w
x(@) = x()] S e @ gz — ynt T, (7.70)
if additionally |z — y| < n“/(2n). Finally we define the vector x by
~ —2|z,|nt—we —1~
Xi = x(@) = e T o((201) 71 E). (7.71)

Note that y; is exponentially small if n>“</? < |i| < n by rigidity (7.51) and the fact that 7 ~ i/n,
for n3¥</? < |i| < 10con. We remark that the lower bound n*~</2 on || is arbitrary, since x; is
exponentially small for any || much bigger than n**. Moreover, as a consequence of (7.51) we have
that

T~ L for nf < |i] € 10¢2n, (7.72)
n
with very high probability for any £ > 0.
By (7.64) it follows that
rlloxlli = 00 37 vixd = =23 ui(Bo)i -~ 3 xiodi
t 2 t . 1 X1 : 3 Ut 7 n £ /x\z_/x\J
[i|<n i (4,§)€A
1 ViXi — Vi X5 /D\Z
—= Y Byl g 3 BNy
= n < Ti — Ty
(i,J)€A (i,7)€A
+ > Biyvivj(xi —x;)° + 5 > ijX]y
< n < T — T
(i,5)€A (i,j)€A

where, in order to symmetrize the sums, we used that the operator B and the set .4 are symmetric,
ie. B;j = Bj; (see (7.65)) and (i,5) € A < (j,i) € A, and that A;; = Aj;.

We start estimating the terms in the second line of the r.h.s. of (7.73). The most critical term is
the first one because of the (Z; — #;) 2 singularity of B;;. We write this term as

> Biyvivi(xi —xi)° = oo+ > Bijvivy (xi — x5)*. (7.74)
(i) €A )EA,  (ig)EA,
jimdl<n®L imj[>neL
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Then, using (7.70), [|[v||cc < 1by (7.66), |1°Xij| < n~“P by (7.21), the rigidity (7.72), and that w;, < w,

~

we bound the first sum by

> Bivivi(xi —xi)
(i.)EA,
limj|<nL

1 1+ |Ayl n2|Zi — Bl oz, 415, ni—we
< = J oy J (IZ;1+12;)m
- (i%E:A (Ti — z5)? s

li=3l<n®L (775)

Sl >+ > Jvg v e~ 2Bl 1 nt 7
\i\,\j\§n3‘“6/2 mSRSMC/Q,U\ZnSMC/Z,
li=j|<n®L
_ _1,we/

5n1 WC/QH'UXHE"'C é" 27
with very high probability. In the last inequality we trivially inserted ¢ to reproduce xx, using
that ((2¢2)7Y7s|) = ©((2¢c2)7!;|) = 1 with very high probability uniformly in 0 < ¢ < ¢ if
li],]7] < con by the rigidity estimate in (7.72).

Define the set

Avi=A{(0,9) il 13] = 5ean} N {0, 4) [ li = 3| > n™*} = A0{(E,5) [ i — 4| > n™'},

which is symmetric. The second sum in (7.74), using (7.69), (7.66), and rigidity from (7.72), is
bounded by

Y. Bivivi(xi —xg)?| SnlTe Y0 e MmN D™ < o2, (7.76)
(4,5)€ A1 (1,5)€AL
with very high probability.
Next, we consider the second term in the second line of the r.h.s. of (7.73). Using (7.70), and that
|Ai;] < n~“", proceeding similarly to (7.75)-(7.76), we bound this term as

1 (xi — x;)Aij 1 (xi = xj)Ay 1 (xi = xi)Ai;
DS e kS 1 D D e e D B e a2
(ea JDsd o e
i—j|<n
< ¥ [Aig| B0 = Bl Rl DRI 2
~ P |:/8\27:/E\]| nwe JIAID
(1,5)eA
i <ne

1 _1pwe/2?
Se—mor 2 lbgte®”
lil,] ]| Sniwe/2
_1l,we/2
N m||vx||2 te ?
(7.77)
with very high probability uniformly in 0 < ¢ < ¢y.
Finally, we consider the first line in the r.h.s. of (7.73). Since 1 4+ aA;; > 1/2, we conclude that

1 (vixs — vix5) Ay 1 2, C Ao (242
— D S < D Byl —uixa) - Y 1Aslxd

ihea T (d)eA (i) eA
1 2 C S 2. 2 _lpwe/2
<5 >l Balxi—ux)’+ - Y0 [Aulxi e
(B.7)eA lil,|j]<n3we/?
1 nch
< Iel Z Bij(vixi — Uij)2 + PSR
(i.)€A

(7.78)
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for some large C > 0. The error term in the r.h.s. of (7.78) is affordable since w. < wg.
Hence, combining (7.73)-(7.78), we conclude that

1 —w, —w —w n3wc
atllvx||§~—§ > Bi(vixi —vixs)? +n' P oxfs +n e/ Flloxllz + —mmy s (7:79)

(i,5)eA
with very high probability uniformly in 0 < ¢ < ¢;. Then, ignoring the negative first term, inte-
grating (7.79) from 0 to t; = n~ s, and using that n'~%</?t; = n*s ~</2 with w; < w. < W,
we get

Bwe
2 n-cty
su v < —.
O§t§p1£f|| X||2 = plt2wp

Hence, using the bound

)] < sup [loxle < ) Loatd
su Ssu Vi Ssu v —_—
ogtgf MSEQ i = ogtgptf Xll2 = nlt2wg’

we conclude (7.67) for some w,& > Osuch that € w K wy K wr K we K WE. O

With this proof we completed the main Step 1 in the proof of Proposition 7.7, the analysis of the
interpolation process (¢, a).

7.4.5. The processes A(t) and x*(t,1) are close. In Step 2 towards the proof of Proposition 7.7, we
now prove that the processes A(t) and x*(t, 1) are very close for any ¢ € [0, ¢7]:

Lemma 7.14. Let X*(t), 2*(t,1) be defined in (7.14) and (7.48), respectively, and let t; = n='**1,
then
[ 1) — X () £ (7:80)
sup sup |zi(t,1) — A (t)| < ) .
an 02ea niter

with very high probability.

Proof of Proposition 7.7. Proposition 7.7 follows by exactly the same computations as in [17, Section
(4.10)], combining (7.80), (7.63), (7.66)-(7.67). O

Proof of Lemma 7.14. The proof of this lemma closely follows [17, Lemma 4.2]. We remark that in
our case dM; = Z; = 0 compared to [17, Lemma 4.2}, using the notation therein. Recall the defini-
tions of C'(t), A7 (), 0717 (1), ©;17 () and C(t), A7t (t), 07172 (t), 077 (t) in (7.18), (7.10),(7.13)
and (7.20)-(7.21), respectively. In the following we may omit the z-dependence. Introduce the
stopping times

o= inf{t >0 ‘ 3], 1] < 5l € [2) st [AZ(E)] + |OF72 (1) + [©7272(1)] > n™F } (7.81)

o i=inf{t > 0| 3fi| < ns.t|zi(t, )|+ |Ai(t)] > 2R}, (7.82)

for some large R > 0, and

T:=T1 AT2 Aty. (7.83)
Note that |\;(t)| < R with very high probability, since A(¢) are the eigenvalues of Hf, whose norm
is typically bounded. Furthermore, by (7.61) and the fact that the process z(¢,0) stays bounded
by [40, Section 3] it follows that |z;(t,a)| < R for any ¢ € [0,¢] and « € [0,1]. We remark
that the analysis in [40, Section 3] is done for a process of the form (7.48), with @ = 0, when
it has i.i.d. driving Brownian motions, but the same results apply for our case as well since the
correlation in (7.20) does not play any role (see (7.58)). This, together with Lemma 7.13 applied for
z2=121,2 =20and z = 21,2’ = Zo and z = 2z, 2’ = 7, implies that

T=1f
with very high probability. In particular, ©,;(t) = ©,(t) for any ¢ < 7, hence
Ct)=C) (7.84)

forany ¢t < 7.
In the remainder of the proof, omitting the time- and z-dependence, we use the notation « =
z*(t,1), A = A(t). Define
Wi = \i — Ty, li] <mn,
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then, as a consequence of (7.84), subtracting (7.14) and (7.48), it follows that

An
dui = Bij(u ;) dt + =2 db;, (7.85)
J#i \/_

for any 0 < ¢t < 7, where

Bi; = , 86
T Il ) =) 0 (7.86)
since |Ai; (t)| = |Ai; (t)| < n~F, and
1 _
Ap=———=-1=0(n""*"). .8
Let v := n' ™", and define the Lyapunov function
1 )
F(t) == vuit) | .
(t)i=—log | > e (7.88)
li|<n
By It6’s lemma, for any 0 < ¢ < 7, we have that
n~1/2A ,
= s e —waes S S
Z‘ ‘<"€ " il=n i Ljijzn € li|<n
n"lvA2 4n v AZ s =~
I LTI Z e (14 Agg)dt — —— Y i E[dbi db; ‘fl,,t].
lil<n €7 fij<n (ngn e"“i) lil, 1l <n

(7.89)

Note that the first term in the r.h.s. of (7.89) is negative since the map = +— e is increasing. The
second and third term in the r.h.s. of (7.89), using that 1 + A;; < 2, are bounded exactly as in [17,
Egs. (4.37)-(4.38)] by
Et tyv
n1/2+wr nlt2w,’

with very high probability for any £ > 0.
Note that
3 e E [dbi db;

[il,|5]<n

Foi] >0,

hence, the last term in the r.h.s. of (7.89) is always non positive. This implies that

£,1/2

tivAZ  ntf T Ag

sup F(t) < F(0)+ + ,
OStéptf () ( ) n nt/2

for any £ > 0. Then, since

log(2n)
= — > i s
FO)=—75 Fl)=2 Sup u (t)
we conclude the upper bound in (7.80). Then noticing that u_; = —u; for ¢ € [n], we conclude the
lower bound as well. O

7.5. Path-wise coupling close to zero: Proof of Lemmata 7.8-7.9. This section is the main
technical result used in the proof of Lemmata 7.8-7.9. In Proposition 7.17 we will show that the
points with small indices in the two processes become very close to each other on a certain time
scale t; = n~ s, for any small wy > 0.

The main result of this section (Proposition 7.17) is stated for general deterministic initial data
s(0) satisfying a certain regularity condition (see Definition 7.16 later) even if for its applications
in the proof of Proposition 7.2 we only consider initial data which are eigenvalues of i.i.d. random
matrices. The initial data r(0), without loss of generality, are assumed to be the singular values of a
Ginibre matrix (see also below (7.91) for a more detailed explanation). For notational convenience
we formulate the result for two general processes s and r and later we specialize them to our
application.
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Fix a small constant 0 < w, < 1, and define the processes s;(t), :(t) to be the solution of

1 1 1
dsi(t) = | s———=dbj(t) + =—— > —————dt, 1< <n, _

5i() 2n(1 +n—wr) ()+2n;81(t)—8j(t) <lil<n (7.90)

and
dr(t) = [ s A () + = S = ——dt, 1<l <n, (7o)

V24 nmen) 2n ri(t) —ri(t) e 79

with initial data s;(0) = s, 7:(0) = 7;, where 8 = {s+i}ic(n) and 7 = {ri;}ic(n) are two inde-
pendent sets of particles such that s_; = —s; and r—; = —r; for 7 € [n]. The driving martingales
{65 }icrn), {07 Fiern) in (7.90)—(7.91) are two families satisfying Assumption 7.15 below, and they are
such that b°; = —b$, b";, = —b] for i € [n]. The coefficient (1 + n~“7)~/2 ensures the well-

posedness of the processes (7.90)-(7.91) (see Appendix A), but it does not play any role in the proof
of Proposition 7.17 below.

For convenience we also assume that {r+;};—; are the singular values of X, with X a Ginibre
matrix. This is not a restriction; indeed, once a process with general initial data s is shown to be
close to the reference process with Ginibre initial data, then processes with any two initial data
will be close.

On the correlation structure between the two families of i.i.d. Brownian motions {b7 }7_1, {67 }7—1
and the initial data {s+;};c[,) Wwe make the following assumptions.

Assumption 7.15. Fix wg,wq > 0 such that wg < wr € wqg <K 1, with w, defined in (7.90)—(7.91),
and define the n-dependent parameter K = K,, = n“¥. Suppose that the families {b%,}7—, {b%,}i,
in (7.90)—~(7.91) are realised on a common probability space with a common filtration F,. Let

Lij(t)dt :== E[(db; (t) — dbj (1)) (dbj(t) — db} (1)) | Fi] (7.92)

denote the covariance of the increments conditioned on Fy. The processes satisfy the following assump-
tions:

(a) The two families of martingales {b5}1—,, {b]}7_, are such that

E[dbgl (t) db;h (t) | }—t} = [61'1'6!11% + SRS (t)] dt7 |E:.’I;’q2 (t)| < n_wQ7 (793)

ij
forany i,j € [n], q1,q2 € {s,r}. The quantities in (7.93) for negative i, j-indices are defined
by symmetry.
(b) The subfamilies {b%,}1<,, {b%;}X, are very strongly dependent in the sense that for any
lil, l4] < K it holds
|Lij (1) < n™"@ (7.94)

with very high probability for any fixed t > 0.

Definition 7.16 ((g, G)-regular points [22, Definition 7.12]). Fix a very small v > 0, and choose g,
G such that
n71+u S g S n727/7 G S nful

A set of 2n-points s = {si}};j<n on R is called (g, G)-regular if there exist constants c,, C, > 0 such
that

n

1 1
L, < —3 — < (), .
¢ *2n\szsif(E+in)*C 7.95)

for any |E| < G, € [g,10), and if there is a constant Cs large enough such that ||s||ec < nCs.
Moreover, ¢,,,Cy, ~ 1ifn € [g,n 2] and ¢, > n™1%%, C, < n'%% ifn € (n™2",10.

Let psc,:(E) be the scDOS of the particles {s+i(t)}c[n that is given by the semicircular flow
acting on the scDOS of the initial data {s+i(0) }ic[n), see [45, Egs. (2.5)-(2.6)].

Proposition 7.17 (Path-wise coupling close to zero). Let the processes s(t) = {s+i(t) }ie[n) (1) =
{r+i(t)}icn) be the solutions of (7.90) and (7.91), respectively, and assume that the driving martingales
in (7.90)—(7.91) satisfy Assumption 7.15 for some wi ,wq > 0. Additionally, assume that s(0) is (g, G)-
regular in the sense of Definition 7.16 and that v(0) are the singular values of a Ginibre matrix. Then
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for any small wg,v > 0 such that v < wig < wy < wg and that gn” < t; < n~"G?, there exist
constants w,& > 0 such that v K ¥ € w <K wy, and

|pte,t1 (0)si(t5) = psc(O)rilts)| <m™ 7%, li| <n®, (7.96)

with very high probability, where t; := n='T%7,
Proof. The proof of Proposition 7.17 is nearly identical to the proof of [22, Proposition 7.14], which
itself follows the proof of fixed energy universality in [15, 45], adapted to the block structure (3.1)
in [18] (see also [14] for a different technique to prove universality, adapted to the block structure
in [62]). We will not repeat the whole proof, just explain the modification. The only difference of
Proposition 7.17 compared to [22, Proposition 7.14] is that here we allow the driving martingales
in (7.90)—(7.91) to have a (small) correlation (compare Assumption 7.15 with a non zero _‘“ 92 to [22,
Assumption 7.11]). The additional pre-factor (1 4+ n~“")~1/2 does not play any role.

The correlation of the driving martingales in (7.90)-(7.91) causes a difference in the estimate
of [22, Eq. (7.83)]. In particular, the bound on

1 o _ade*+(1—a)db”
aM, = HZQL — f)fidCi(ta),  dCi(ta) : TR (7.97)

using the notation in [22, Eq. (7.83)], will be slightly different. In the remainder of the proof we
present how [22, Egs. (7.83)-(7.87)] changes in the current setup. Using that by [45, Egs. (3.119)—
(3.120)] we have

|fil +1£1] + Jwil <n™ ", n“4 < il <n, (7.98)
for wa = wi (With wi defined in Assumption 7.15), and for any D > 0 with very high probability,
we bound the quadratic variation of (7.97) by

d(M): = 4—12 > (wi— fi)(ws — f5) £ £ BlACi (a, £) AC; (e, t) | Fi] + O (n71) . (7.99)
1<[i],[j|<n®A
We remark that here we estimated the regime when |i| or |j| are larger than n“4 differently com-
pared to [22, Eq. (7.84)], since, unlike in [22, Eq. (7.84)], E[dC; (¢, @) AC; (¢, @) | Fi] # 05, hence here
we anyway need to estimate the double sum using (7.98).
Then, by (a)-(b) of Assumption 7.15, for |é|, |j] < n“4 we have

§ij + Q2250 (8) + (1 — )220 (¢)

E[dC’Z(t, a) dC] (t7 Oé) | ]:t] = ij ij dt

2n(1 +n—wr) (7.100)
Oé(l - Oé) s r r s
s E[(db; dbj + db} db) | 7],
and that
|E[db; dbj | 7| = |[E[(db] — db}) db} | Fi] 4 (8i + E57(¢)) dt|
(7.101)

S (a2 + 257 ()] + 6i5) dt,
where in the last step we used Kunita-Watanabe inequality for the quadratic variation (dbj —
dby) db?.

Comblmng (7.99)~(7.101), and adding back the sum over n*4 < |i| < n of (w; — f;)*(f})? at the
price of an additional error O(n~'%?), omitting the ¢-dependence, we finally conclude that

d<M>t5% Do (wi— fi)* ()t

1<]il<n

1 '—S S V—T T —_
> (ILal P+ B+ E) [ — f)ws = £) ] dt+ O (7).
[i],|7]<nvA
(7.102)
Since |Lii| + [E}9?| < n7%Q, for any [i[, |j| < n, q1,¢2 € {s,7}, and wa = wk < wq by (7.93)-
(7.94), using Cauchy-Schwarz in (7.102), we conclude that

UMY S = 3 (o= L) e+ 0 (n7), (7109

1<]i<n
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which is exactly the same bound as in [22, Eq. (7.88)] (except for the tiny error O(n~ %) that is
negligible). Proceeding exactly as in [22], we conclude the proof of Proposition 7.17. O

7.5.1. Proof of Lemma 7.8 and Lemma 7.9. The fact that the processes A(t), A(t) and fi(t), p(t) satisfy
the hypotheses of Proposition 7.17 for the choices v = wy, wx = wa, wg = wg, and Efjl 92 = @f} 22
follows by Lemma 7.4 applied for 2 = 21,2’ = zo and z = 21,2’ = Zo and z = 2,2’ = Z;, and
exactly the same computations as in [22, Section 7.5]. We remark that the processes (" (t) do not
have the additional coefficient (1 + n~“") in the driving Brownian motions, but this does not play
any role in the application of Proposition 7.17 since it causes an error term n~'~“" that is much
smaller then the bound n~'~* in (7.31). Then, by Proposition 7.17, the results in Lemma 7.8 and
Lemma 7.9 immediately follow. ([l

7.6. Proof of Proposition 7.6. First of all we notice that A(¢) is y-Holder continuous for any
v € (0,1/2) by Weyl’s inequality. Then the proof of Proposition 7.6 consists of two main steps, (i)
proving that the eigenvalues A(¢) are a strong solution of (7.14) as long as there are no collisions,
and (ii) proving that there are no collisions for almost all ¢ € [0, T).

The proof that the eigenvalues A(¢) are a solution of (7.14) is deferred to Appendix B. The fact
that there are no collisions for almost all ¢ € [0, T is ensured by [19, Lemma 6.2] following nearly
the same computations as in [17, Theorem 5.2] (see also [19, Theorem 6.3] for its adaptation to the
2 x 2 block structure). The only difference in our case compared to the proof of [17, Theorem 5.2]
is that the martingales dM; (¢) (cf. [17, Eq. (5.4)]) are defined as

ami(o =, i<, (7104)

with {7 };c(,,) having non trivial covariance (7.16). This fact does not play any role in that proof,
since the only information about dM = {dM;}; <, used in [17, Theorem 5.2] is that it has bounded
quadratic variation and that M (¢) is v-Holder continuous for any v € (0,1/2), which is clearly
the case for dM defined in (7.104). O

APPENDIX A. THE INTERPOLATION PROCESS IS WELL DEFINED

We recall that the eigenvectors of H* are of the form w%; = (u},+v;) foranyi € [n], as a
consequence of the symmetry of the spectrum of H* with respect to zero. Consider the matrix
flow

dX; = %, Xo = X, (A1)
with B; being a standard real matrix valued Brownian motion. Let H7 denote the Hermitisation of
X — z,and {w; (t)}};/<n its eigenvectors. We recall that the eigenvectors {w; (t)}; <, are almost
surely well defined, since H; does not have multiple eigenvalues almost surely by (7.17). We set the
eigenvectors equal to zero where they are not well defined. Recall the definitions of the coeflicients

A% (t), /O\fj (t) from (7.10), (7.13) and (7.21), respectively. Set
A, = {(xi)‘i‘gn S RQn | O0<z1 < <Tp, Ty = —Zi, Vi € [n]}7

and let C(R+,A,) be the space of continuous functions f : Ry — A,. Let wg > 0 be the
exponent in (7.21), and let w, > 0 be such that w, < wg. In this appendix we prove that for any
a € [0, 1] the system of SDEs
b 1+ alz(t
dri(ta) = —0 Ly~ 1HOAW) gy e ) = o), fi] <, (A2)
n(l+n-r) 2n Pkt (t,a) — 23 (t, @)

with (0) € A, admits a strong solution for any ¢ > 0. For T' > 0, by (7.20), the martingales
{b7}}i|<[n)> defined on a filtration (Fy,+)o<t<T, are such that b7 ; = —b7 for i € [n], and that

~ 5i"*5i,7'+]\f't g
Foo) = =0 2RO gy < ()

The main result of this section is Proposition A.1 below. Its proof follows closely [17, Proposi-

tion 5.4], which is inspired by the proof of [5, Lemma 4.3.3]. We nevertheless present the proof of
Proposition A.1 for completeness, explaining the differences compared with [17, Proposition 5.4] as
a consequence of the correlation in (A.3).

E|db; di;




FLUCTUATION AROUND THE CIRCULAR LAW 45

Proposition A.1. Fix any z € C, and let (0) € An. Then for any fixed o € [0,1] there exists
a unique strong solution x(t,a) = x*(t,a) € C(R+,Ay) to the system of SDE (A.2) with initial
condition z(0).

We will mostly omit the z-dependence since the analysis of (A.2) is done for any fixed 2z € C;
in particular, we will use the notation A;; = /D\fj. By (7.10), (7.13) and (7.21) it follows that A;;(¢) =
Aji(t), and that [A;; (t)] < n~“=, for any ¢ > 0.

Proof. We follow the notations used in the proof of [17, Proposition 5.4] to make the comparison
clearer. Moreover, we do not keep track of the n-dependence of the constants, since throughout
the proof n is fixed. By a simple time rescaling, we rewrite the process (A.2) as

dzi(t, o) = dbi(t) + ! Z JCH#(” dt, li| < n, (A.g)

where 0;;(t) := alij(1+n~“") +n~*" is such that 6, (t) = 6,;(t). Note that ¢, < 6;;(t) < ¢z for
any t > 0and « € [0,1], with ¢; = n™%7 /2, ¢, = 1. For any e > 0 define the bounded Lipschitz
function ¢.: R — R as

a7l Jzl e

ez, |z| <e,

that cuts off the singularity of z =" at zero.
Introduce the system of cut-off SDEs

€ 7 1 € € .
da;(t, @) = dbi(t) + 5 > (14 045(t)pe (x5 (t, a) — 25(t, @) dt, i <n, (As)
J#i
which admits a unique strong solution (see e.g. [43, Theorem 2.9 of Section 5]) as a consequence of
¢. being Lipschitz and the fact that db = (C)'/? dw (see (7.23)). Define the stopping times

Te = Te(a) 1= inf{t

. ‘n‘%l‘ré |25t a) — 25t )| <e or [z(t, )| > ¢ 1}4 (A.6)
By strong uniqueness we have that 2“2 (¢, «) = ! (¢, «) forany ¢ € [0, 7¢,] if 0 < €1 < €2. Note that

, < 7¢, forer < eg, thus the limit 7 = 7(«) := lime_o 7e (@) exists, and & (¢, &) := lime_,0 (¢, )
defines a strong solution to (A.4) on [0, 7). Moreover, by continuity in time, « (¢, «) remains ordered
as0 < z1(t,a) < -+ < zp(t, ) and z_;(¢, ) = —x4(t, @) for ¢ € [n]. Additionally, for the square
of the £*-norm ||z||5 = 3_, 7 a simple calculation shows that

dl|(t, )3 :% (Z(1+0¢j)+ > &j) dt + dM, (A7)

JF#i lil;|5]<n

with dM; being a martingale term. This implies that E||x(t A s)||3 < c(1+t) for any stopping time
s < 7 and for any ¢ > 0, where ¢ depends on n.

Let a > 0 be a large constant that we will choose later in the proof, and define a;, recursively
by ao := a, ax+1 = aj, for k > 0. Consider the Lyapunov function

fl@):==2 " aj_yloglzy — z. (A.8)
Py
Then by It6’s formula we get
df(@) = A(e(t, a)) dt + dMa(t), (A9)
with
Alw(t, ) = —2 Z (1 +0ij)aji T

A, @ta) —alta)(eto) —aa) | &= Relta)

(A.10)

+Za\z ;:\ (14 Aii(t) — Ay (1))

o t,a) —xzj(t,a))?
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where dM> is a martingale given by

_ a\z J\db t)

In the following we will often omit the time dependence. Note that the term in (A.10) containing
A — /O\ij is new compared to [17, Eq. (5.39)], since it comes from the correlation of the martingales
{gi}‘i‘gn, whilst in [17, Eq. (5.39)] i.i.d. Brownian motions have been considered. In the remainder
of the proof we show that the term A;; — A, is negligible using the fact that [A;;| < n~“Z, and so
that this term can be absorbed in the negative term coming from the first sum in the r.h.s. of (A.10)
forl =j.

We now prove that A(xz(t, o)) < 0if a > 0 is sufficiently large. Firstly, we write A(xz (¢, o)) as

A( — _9 Z 1+01J a‘, 1 _ Z a‘i_j‘(l—i—%h-j —A”-‘rA”)
L;m,;;m —z)(@i — aj) P (s — ;)2
J# ) (A.11)
a\Qz\ 0—11 _Au)

Then, using that the first sum in (A.11) is non-positive for (i —1)(i — j) > 0, and that ¢; < 0;; < ¢,
with ¢; = n™“", we bound A(z (¢, «)) as follows
@i Ali—j| @li—j]
Alz(t, o)) < =2(1+c2 — - .
et ( : \%’n (ifl)(zi;j)<0 (@ = z)(@i = 25) ; (i —25) j;i (@i — 5)?

(A.12)

In (A.12) we used that

Gij_j\ii+j\ij2%7 0_ii— A 227
since 0;; > ¢ = n~“" and |A;j| < n™“?, where w, < wg. This shows that the correlations
of the martingales {lo)i}‘,"gn is negligible. Note that the r.h.s. of (A.12) has exactly the same form
as [17, Eq. (5.42)], since the third term in (A.12) is non-positive. Hence, following exactly the same
computations as in [17, Egs. (5.43)—(5.46)], choosing a > n'°, we conclude that

A(z(t,a)) < {M - 61} Z Lﬂw (A13)

a = (i —wj)

which is negative for a sufficiently large.
Fix a > 0 large enough so that A(x(¢,)) < 0, then for any stopping time s < 7, and any ¢ > 0
we have

E[f(x(t As,a))] < E[f(z(0,a))]. (A1g)
Hence, by [17, Egs. (5.48)-(5.49)], using that E|j2(t A 7.)||3 < ¢(1 + t), it follows that
log(e HYP(re <t)<c

and so that P(7 < t) = 0, letting e — 0. Since ¢ > 0 is arbitrary, this implies that P(7 < +00) =0,
i.e. (A.4) has a unique strong solution on (0, o) such that x(t,a) € A, forany ¢ > 0 and o €
[0,1]. O

Additionally, by a similar argument as in [17, Proposition 5.5], we conclude the following lemma.

Lemma A.2. Let x(t, «) be the unique strong solution of (A.2) with initial data (0, ) € A, for any
a € [0, 1], and assume that there exists L > 0 such that ||z(0, a1) — (0, a2)||2 < L]on — azl, for any
a1, a2 € [0,1]. Then (t, o) is Lipschitz in o € [0, 1] for any t > 0 on an event Q2 such that P(Q2) = 1,
and its derivative satisfies

Dai(t, @) = Oaz:(0, ) / Z [1 +aAmx (8)][0a;(s, a) = Dai(s, )] ds

(s,a) = z;(s,))?

/Z%d

(A.s)
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ApPPENDIX B. DERIVATION OF THE DBM FOR SINGULAR VALUES IN THE REAL CASE

Let X be an n x n real random matrix, and define Y* := X — z. Consider the matrix flow (A.1)
defined on a probability space 2 equipped with a filtration (F;)o<¢<7, and denote by H{ the Her-
mitisation of X; —z. We now derive (7.14), under the assumption that the eigenvalues are all distinct.
This derivation is easily made complete by the argument in the proof Proposition 7.6 in Section 7.6.

Let {A}(t), —A7 (t) }ic[n) be the eigenvalues of H7, and denote by {w; (¢), wZ,(t) };c[n) their cor-
responding orthonormal eigenvectors, i.e. for any ¢, j € [n], omitting the ¢-dependence, we have
that

Hwi; = £\ wi,, (wi) w; = by, (wi) wZ; =0. (B.1)
In particular, for any i € [n], by the block structure of H* it follows that
wi; = (ui, +v7),  Yvi = Nuj, (Y7) ui = Ajvf. (B.2)

Moreover, since {w3;}i~, is an orthonormal basis, we conclude that

Z\ * z Z\ ¥ 4 1
(ui) u; = (vi) v = 3 (B.3)
In the following, for any fixed entry x,, of X, we denote the derivative in the z,; direction by
. of
= B.
f R (B.4)

where f = f(X) is a function of the matrix X. From now on we only consider positive indices
1 < ¢ < n. We may also drop the z and ¢ dependence to make our notation lighter. For any
i,j € [n], differentiating (B.1) we obtain

W w; + wiw; =0, (B.6)
wiw; +wiw; = 0. (B7)

Note that (B.7) implies that [w; w;] = 0. Moreover, since the eigenvectors are defined modulo a
phase, we can choose eigenvectors such that S[w; w;] = 0 for any ¢ > 0 hence wjw; = 0. Then,
multiplying (B.5) by w; we conclude that

i = wYv; + vl Y u,. (B.8)
Moreover, multiplying (B.5) by w}, with j # 4, and by w? ;, we get
(A = Nj)wjw; = w;-‘Hwi, (N + Xj)w™jw; = wijI-'Iwi, (B.9)
respectively. By (B.7) and w;w; = 0 it follows that
w; = Z (wiw;)w; + Z (wZ ;) w—j, (B.10)
J;[énl] J€E(n]

hence, by (B.9), we conclude

. v;Y*ui + u;Y'vi u;Y'vi — v;Y*ui
w; = _ + —_

Ay w; Ay w_j. (B.11)

J#i
Throughout this appendix we use the convention that for any vectors v € C™ we denote its
entries by v(a), with a € [n]. By (B.8)-(B.11) it follows that

a*”" — 2R[u’ (a)ui (b)), (B12)
ZLab
and that
Owi .\ uj(a)vi(b) +vj (b)ui(a) - uj(a)vi(b) —vj(b)ui(a)
O ap (k) = %‘: { i — Aj w; (k) + Ny w—; (k)
| ) O,

By Ito’s formula we have that

A\ 1 9%\
d\; = —— dx, = ————— dxgp dag. B.
. Oz ZTab + 5 ;; R Tapb AT k1 (B.13)
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Then we compute

9%\ o} .o Oug
G = 2R )+ ()
o] 3 [0 O] ) I O )
j#i v v
- et @) O ) 1+ L OO Dl) 0
+ 3 [ O g ) 4 2O O ) } .
i v vy
(B.1g)
Hence, combining (B.12)—(B.14), we finally conclude that
dv; 1 L+ AR[(uf, uf) (v, vF)] | 1+ 4R[(uF, i) (v}, —vF)]
d)\f: z_'__z ZJ -~ J + JZ - J :|dt
e N N (B3
L 1+ 48?[(112:;3(1)1 , —v7)] dt.

In (B.15) we used the convention that for any vector v € C" by T we denote the vector with entries
v(a) = v(a), for any a € [n]. The driving martingales in (B.15) are defined as

dv; :=dBj; +dBZ, with dBj = (uf)"(a)dBuv;(b), (B.16)

417
ab

with B = B; the matrix valued Brownian motion in (A.1), and their covariance given by

8ij + AR [(uZ, uf) (v, v?
E [dbf db; ] }"t] = R ’2 A J H dt. (B.17)
Note that {7 };c[,, defined in (B.16) are not Brownian motions, as a consequence of the non deter-

ministic quadratic variation (B.17).

REFERENCES

'0. H. Ajanki, L. Erdés, and T. Kriiger, Stability of the matrix Dyson equation and random matrices
with correlations, Probab. Theory Related Fields 173, 293-373 (2019), MR3916109.

’J. Alt, L. Erdés, and T. Kriiger, Local inhomogeneous circular law, Ann. Appl. Probab. 28, 148-203
(2018), MR3770875.

’]. Alt, L. Erd@s, and T. Kriiger, Spectral radius of random matrices with independent entries, preprint
(2019), arXiv:1907.13631.

4. Alt, L. Erdés, T. Kriiger, and D. Schréder, Correlated random matrices: band rigidity and edge
universality, Ann. Probab. 48, 963-1001 (2020), MR4089499.

5G. W. Anderson, A. Guionnet, and O. Zeitouni, An introduction to random matrices, Vol. 118,
Cambridge Studies in Advanced Mathematics (Cambridge University Press, Cambridge, 2010),
PPp- Xiv+492, MR2760897.

¢Z.D. Bai, Circular law, Ann. Probab. 25, 494-529 (1997), MR1428519.

’Z. D. Bai and Y. Q. Yin, Limiting behavior of the norm of products of random matrices and two
problems of Geman-Hwang, Probab. Theory Related Fields 73, 555-569 (1986), MR863545.

$Z. Bao, K. Schnelli, and Y. Xu, Central limit theorem for mesoscopic eigenvalue statistics of the free
sum of matrices, Int. Math. Res. Not. IMRN, rnaaz10 (2020), arXiv:2001.07661.

°G. Ben Arous and S. Péché, Universality of local eigenvalue statistics for some sample covariance
matrices, Comm. Pure Appl. Math. 58, 13161357 (2005), MR2162782.

°C. Bordenave, P. Caputo, D. Chafai, and K. Tikhomirov, On the spectral radius of a random matrix:
An upper bound without fourth moment, Ann. Probab. 46, 2268-2286 (2018), MR3813992.

"C. Bordenave and D. Chafai, Around the circular law, Probab. Surv. 9, 1-89 (2012), MR2908617.

A. Borodin and C. D. Sinclair, The Ginibre ensemble of real random matrices and its scaling limits,
Comm. Math. Phys. 291, 177-224 (2009), MR2530159.


https://doi.org/10.1007/s00440-018-0835-z
http://www.ams.org/mathscinet-getitem?mr=3916109
https://doi.org/10.1214/17-AAP1302
http://www.ams.org/mathscinet-getitem?mr=3770875
https://arxiv.org/abs/1907.13631
https://doi.org/10.1214/19-AOP1379
http://www.ams.org/mathscinet-getitem?mr=4089499
http://www.ams.org/mathscinet-getitem?mr=2760897
https://doi.org/10.1214/aop/1024404298
http://www.ams.org/mathscinet-getitem?mr=1428519
https://doi.org/10.1007/BF00324852
http://www.ams.org/mathscinet-getitem?mr=863545
https://doi.org/10.1093/imrn/rnaa210
https://arxiv.org/abs/2001.07661
https://doi.org/10.1002/cpa.20070
http://www.ams.org/mathscinet-getitem?mr=2162782
https://doi.org/10.1214/17-AOP1228
http://www.ams.org/mathscinet-getitem?mr=3813992
https://doi.org/10.1214/11-PS183
http://www.ams.org/mathscinet-getitem?mr=2908617
https://doi.org/10.1007/s00220-009-0874-5
http://www.ams.org/mathscinet-getitem?mr=2530159

REFERENCES 49

BP. Bourgade and H.-T. Yau, The eigenvector moment flow and local quantum unique ergodicity,
Comm. Math. Phys. 350, 231-278 (2017), MR3606475.

“P. Bourgade, Extreme gaps between eigenvalues of Wigner matrices, preprint (2018), arXiv:1812.10376.

“P. Bourgade, L. Erdés, H.-T. Yau, and J. Yin, Fixed energy universality for generalized Wigner ma-
trices, Comm. Pure Appl. Math. 69, 1815-1881 (2016), MR3541852.

P. Bourgade, H.-T. Yau, and J. Yin, Local circular law for random matrices, Probab. Theory Related
Fields 159, 545-595 (2014), MR3230002.

7. Che and B. Landon, Local spectral statistics of the addition of random matrices, Probab. Theory
Related Fields 175, 579-654 (2019), MR4009717.

7. Che and P. Lopatto, Universality of the least singular value for sparse random matrices, Electron.
J. Probab. 24, Paper No. 9, 53 (2019), MR3916329.

¥Z. Che and P. Lopatto, Universality of the least singular value for the sum of random matrices,
preprint (2019), arXiv:1908.04060.

*°G. Cipolloni and L. Erdés, Fluctuations for differences of linear eigenvalue statistics for sample
covariance matrices, Random Matrices Theory Appl. 9, 2050006, 32 (2020), MR4119592.

*G. Cipolloni, L. Erdés, T. Kriiger, and D. Schroder, Cusp universality for random matrices, II: The
real symmetric case, Pure Appl. Anal. 1, 615—707 (2019), MR4026551.

2G. Cipolloni, L. Erdés, and D. Schroder, Central limit theorem for linear eigenvalue statistics of
non-Hermitian random matrices, preprint (2019), arXiv:1912.04100.

»G. Cipolloni, L. Erdés, and D. Schroder, Edge universality for non-Hermitian random matrices,
Probab. Theory Related Fields (2020), arXiv:1908.00969.

*G. Cipolloni, L. Erdés, and D. Schroder, Optimal lower bound on the least singular value of the
shifted Ginibre ensemble, Probability and Mathematical Physics 1,101-146 (2020), arXiv:1908.01653.

»N. Coston and S. O'Rourke, Gaussian fluctuations for linear eigenvalue statistics of products of
independent iid random matrices, ]. Theoret. Probab. 33, 1541-1612 (2020), MR4125967.

*A. Edelman, The probability that a random real Gaussian matrix has k real eigenvalues, related
distributions, and the circular law, ]. Multivariate Anal. 60, 203-232 (1997), MR1437734.

“A. Edelman, E. Kostlan, and M. Shub, How many eigenvalues of a random matrix are real?, ]. Amer.
Math. Soc. 7, 247-267 (1994), MR1231689.

L. Erdds, A. Knowles, H.-T. Yau, and J. Yin, The local semicircle law for a general class of random
matrices, Electron. J. Probab. 18, no. 59, 58 (2013), MR3068390.

»L. Erdés, T. Kriiger, and D. Schroder, Random matrices with slow correlation decay, Forum Math.
Sigma 7, €8, 89 (2019), MR3941370.

°L. Erd6s and D. Schroder, Fluctuations of rectangular Young diagrams of interlacing Wigner eigen-
values, Int. Math. Res. Not. IMRN, 3255-3298 (2018), MR3805203.

*L. Erdés and H.-T. Yau, Gap universality of generalized Wigner and 3-ensembles, J. Eur. Math. Soc.
(JEMS) 17, 1927-2036 (2015), MR3372074.

#L. Erdés, H.-T. Yau, and J. Yin, Rigidity of eigenvalues of generalized Wigner matrices, Adv. Math.
229, 14351515 (2012), MR2871147.

3P. ]. Forrester, Fluctuation formula for complex random matrices, J. Phys. A 32, L159-L163 (1999),
MR1687948.

P. J. Forrester, The spectrum edge of random matrix ensembles, Nuclear Phys. B 402, 709-728 (1993),
MR1236195.

»P. J. Forrester and E. M. Rains, Matrix averages relating to Ginibre ensembles, Journal of Physics
A: Mathematical and Theoretical 42, 385205 (2009), arXiv:0907.0287.

S. Geman, The spectral radius of large random matrices, Ann. Probab. 14, 1318-1328 (1986),
MR866352.

%7]. Ginibre, Statistical ensembles of complex, quaternion, and real matrices, ]. Mathematical Phys. 6,
440-449 (1965), MR173726.

#V. L. Girko, The circular law, Teor. Veroyatnost. i Primenen. 29, 669-679 (1984), MR773436.

»F. Gotze and A. Tikhomirov, The circular law for random matrices, Ann. Probab. 38, 1444-1491
(2010), MR2663633.

4J. Huang and B. Landon, Rigidity and a mesoscopic central limit theorem for Dyson Brownian motion
for general 8 and potentials, Probab. Theory Related Fields 175, 209-253 (2019), MR4009708.


https://doi.org/10.1007/s00220-016-2627-6
http://www.ams.org/mathscinet-getitem?mr=3606475
https://arxiv.org/abs/1812.10376
https://doi.org/10.1002/cpa.21624
http://www.ams.org/mathscinet-getitem?mr=3541852
https://doi.org/10.1007/s00440-013-0514-z
http://www.ams.org/mathscinet-getitem?mr=3230002
https://doi.org/10.1007/s00440-019-00932-2
http://www.ams.org/mathscinet-getitem?mr=4009717
https://doi.org/10.1214/19-EJP269
http://www.ams.org/mathscinet-getitem?mr=3916329
https://arxiv.org/abs/1908.04060
https://doi.org/10.1142/S2010326320500069
http://www.ams.org/mathscinet-getitem?mr=4119592
https://doi.org/10.2140/paa.2019.1.615
http://www.ams.org/mathscinet-getitem?mr=4026551
https://arxiv.org/abs/1912.04100
https://doi.org/10.1007/s00440-020-01003-7
https://arxiv.org/abs/1908.00969
https://doi.org/10.2140/pmp.2020.1.101
https://arxiv.org/abs/1908.01653
https://doi.org/10.1007/s10959-019-00905-0
http://www.ams.org/mathscinet-getitem?mr=4125967
https://doi.org/10.1006/jmva.1996.1653
http://www.ams.org/mathscinet-getitem?mr=1437734
https://doi.org/10.2307/2152729
http://www.ams.org/mathscinet-getitem?mr=1231689
https://doi.org/10.1214/EJP.v18-2473
http://www.ams.org/mathscinet-getitem?mr=3068390
https://doi.org/10.1017/fms.2019.2
http://www.ams.org/mathscinet-getitem?mr=3941370
https://doi.org/10.1093/imrn/rnw330
http://www.ams.org/mathscinet-getitem?mr=3805203
https://doi.org/10.4171/JEMS/548
http://www.ams.org/mathscinet-getitem?mr=3372074
https://doi.org/10.1016/j.aim.2011.12.010
http://www.ams.org/mathscinet-getitem?mr=2871147
https://doi.org/10.1088/0305-4470/32/13/003
http://www.ams.org/mathscinet-getitem?mr=1687948
https://doi.org/10.1016/0550-3213(93)90126-A
http://www.ams.org/mathscinet-getitem?mr=1236195
https://doi.org/10.1088/1751-8113/42/38/385205
https://arxiv.org/abs/0907.0287
http://links.jstor.org/sici?sici=0091-1798(198610)14:4%3C1318:TSROLR%3E2.0.CO;2-O&origin=MSN
http://www.ams.org/mathscinet-getitem?mr=866352
https://doi.org/10.1063/1.1704292
http://www.ams.org/mathscinet-getitem?mr=173726
http://mi.mathnet.ru/tvp2118
http://www.ams.org/mathscinet-getitem?mr=773436
https://doi.org/10.1214/09-AOP522
http://www.ams.org/mathscinet-getitem?mr=2663633
https://doi.org/10.1007/s00440-018-0889-y
http://www.ams.org/mathscinet-getitem?mr=4009708

50 REFERENCES

#0. Kallenberg, Foundations of modern probability, Second edition, Probability and its Applications
(New York) (Springer-Verlag, New York, 2002), pp. xx+638, MR1876169.

#E. Kanzieper and G. Akemann, Statistics of real eigenvalues in Ginibre’s ensemble of random real
matrices, Phys. Rev. Lett. 95, 230201, 4 (2005), MR2185860.

#]. Karatzas and S. E. Shreve, Brownian motion and stochastic calculus, Vol. 113, Graduate Texts in
Mathematics (Springer-Verlag, New York, 1988), pp. xxiv+470, MR917065.

#P. Kopel, Linear statistics of non-Hermitian matrices matching the real or complex Ginibre ensemble
to four moments, preprint (2015), arXiv:1510.02987.

#B. Landon, P. Sosoe, and H.-T. Yau, Fixed energy universality of Dyson Brownian motion, Adv.
Math. 346, 1137-1332 (2019), MR3914908.

Y. Liand Y. Xu, On fluctuations of global and mesoscopic linear eigenvalue statistics of generalized
Wigner matrices, preprint (2020), arXiv:2001.08725.

#H. H. Nguyen and V. Vu, Random matrices: law of the determinant, Ann. Probab. 42, 146-167 (2014),
MR3161483.

#1. Nourdin and G. Peccati, Universal Gaussian fluctuations of non-Hermitian matrix ensembles:
from weak convergence to almost sure CLTs, ALEA Lat. Am. J. Probab. Math. Stat. 7, 341-375 (2010),
MR2738319.

#S. O’Rourke and D. Renfrew, Central limit theorem for linear eigenvalue statistics of elliptic random
matrices, J. Theoret. Probab. 29, 1121-1191 (2016), MR3540493.

*°G. Pan and W. Zhou, Circular law, extreme singular values and potential theory, ]. Multivariate
Anal. 101, 645-656 (2010), MR2575411.

*B. Rider, Deviations from the circular law, Probab. Theory Related Fields 130, 337-367 (2004),
MR2095933.

*B. Rider and J. W. Silverstein, Gaussian fluctuations for non-Hermitian random matrix ensembles,
Ann. Probab. 34, 2118-2143 (2006), MR2294978.

»B. Rider and B. Virdg, Complex determinantal processes and H' noise, Electron. J. Probab. 12, no.
45, 1238-1257 (2007), MR2346510.

>4B. Rider and B. Virag, The noise in the circular law and the Gaussian free field, Int. Math. Res. Not.
IMRN, Art. ID rnmoo6, 33 (2007), MR2361453.

»S. Sheffield, Gaussian free fields for mathematicians, Probab. Theory Related Fields 139, 521-541
(2007), MR2322706.

*N. J. Simm, Central limit theorems for the real eigenvalues of large Gaussian random matrices,
Random Matrices Theory Appl. 6, 1750002, 18 (2017), MR3612267.

“H.-]. Sommers and B. A. Khoruzhenko, Schur function averages for the real Ginibre ensemble, ].
Phys. A 42, 222002, 8 (2009), MR2515561.

®T. Tao and V. Vu, Random matrices: The circular law, Commun. Contemp. Math. 10, 261-307
(2008), MR2409368.

*T. Tao and V. Vu, Random matrices: universality of local spectral statistics of non-Hermitian matrices,
Ann. Probab. 43, 782-874 (2015), MR3306005.

%T. Tao and V. Vu, Smooth analysis of the condition number and the least singular value, Math. Comp.
79, 2333-2352 (2010), MR2684367.

“N. M. Temme, Uniform asymptotics for the incomplete gamma functions starting from negative values
of the parameters, Methods Appl. Anal. 3, 335-344 (1996), MR1421474.

H. Wang, Quantitative universality for the largest eigenvalue of sample covariance matrices, preprint
(2019), arXiv:1912.05473.


http://www.ams.org/mathscinet-getitem?mr=1876169
https://doi.org/10.1103/PhysRevLett.95.230201
http://www.ams.org/mathscinet-getitem?mr=2185860
http://www.ams.org/mathscinet-getitem?mr=917065
https://arxiv.org/abs/1510.02987
https://doi.org/10.1016/j.aim.2019.02.010
http://www.ams.org/mathscinet-getitem?mr=3914908
https://arxiv.org/abs/2001.08725
https://doi.org/10.1214/12-AOP791
http://www.ams.org/mathscinet-getitem?mr=3161483
http://alea.math.cnrs.fr/articles/v7/07-18.pdf
http://www.ams.org/mathscinet-getitem?mr=2738319
https://doi.org/10.1007/s10959-015-0609-9
http://www.ams.org/mathscinet-getitem?mr=3540493
https://doi.org/10.1016/j.jmva.2009.08.005
http://www.ams.org/mathscinet-getitem?mr=2575411
https://doi.org/10.1007/s00440-004-0355-x
http://www.ams.org/mathscinet-getitem?mr=2095933
https://doi.org/10.1214/009117906000000403
http://www.ams.org/mathscinet-getitem?mr=2294978
https://doi.org/10.1214/EJP.v12-446
http://www.ams.org/mathscinet-getitem?mr=2346510
https://doi.org/10.1093/imrn/rnm006
http://www.ams.org/mathscinet-getitem?mr=2361453
https://doi.org/10.1007/s00440-006-0050-1
http://www.ams.org/mathscinet-getitem?mr=2322706
https://doi.org/10.1142/S2010326317500022
http://www.ams.org/mathscinet-getitem?mr=3612267
https://doi.org/10.1088/1751-8113/42/22/222002
http://www.ams.org/mathscinet-getitem?mr=2515561
https://doi.org/10.1142/S0219199708002788
http://www.ams.org/mathscinet-getitem?mr=2409368
https://doi.org/10.1214/13-AOP876
http://www.ams.org/mathscinet-getitem?mr=3306005
https://doi.org/10.1090/S0025-5718-2010-02396-8
http://www.ams.org/mathscinet-getitem?mr=2684367
https://doi.org/10.4310/MAA.1996.v3.n3.a3
http://www.ams.org/mathscinet-getitem?mr=1421474
https://arxiv.org/abs/1912.05473

	1. Introduction
	Acknowledgement
	Notations and conventions

	2. Main results
	2.1. Connection to the Gaussian free field
	2.2. Universality of the local singular value statistics of X-z close to zero

	3. Proof strategy
	4. Central limit theorem for linear statistics: Proof of Theorem 2.2
	5. Local law away from the imaginary axis: Proof of Theorem 3.1
	6. CLT for resolvents: Proof of Proposition 3.3
	7. Asymptotic independence of resolvents: Proof of Proposition 3.4
	7.1. Overview of the proof of Proposition 7.2
	7.2. Universality and independence of the singular values of X-z1,X-z2 close to zero: Proof of Theorems 2.8 and 2.10
	7.3. Bound on the eigenvector overlaps
	7.4. Proof of Proposition 7.7
	7.5. Path-wise coupling close to zero: Proof of Lemmata 7.8–7.9
	7.6. Proof of Proposition 7.6

	Appendix A. The interpolation process is well defined
	Appendix B. Derivation of the DBM for singular values in the real case
	References

