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AsTrRACT. We consider large non-Hermitian real or complex random matrices
X with independent, identically distributed centred entries. We prove that their
local eigenvalue statistics near the spectral edge, the unit circle, coincide with those
of the Ginibre ensemble, i.e. when the matrix elements of X are Gaussian. This
result is the non-Hermitian counterpart of the universality of the Tracy-Widom
distribution at the spectral edges of the Wigner ensemble.

1. INTRODUCTION

Following Wigner’s motivation from physics, most universality results on the local
eigenvalue statistics for large random matrices concern the Hermitian case. In par-
ticular, the celebrated Wigner-Dyson statistics in the bulk spectrum [44], the Tracy-
Widom statistics [56, 57] at the spectral edge and the Pearcey statistics [47, 58] at the
possible cusps of the eigenvalue density profile all describe eigenvalue statistics of
a large Hermitian random matrix. In the last decade there has been a spectacu-
lar progress in verifying Wigner’s original vision, formalized as the Wigner-Dyson-
Mehta conjecture, for Hermitian ensembles with increasing generality, see e.g. [35, 45,
24, 52, 25, 37, 40, 42, 52, 2, 26, 23, 48, 15] for the bulk, [46, 50, 53, 13, 39, 34, 12, 38, 5] for the
edge and more recently [22, 33, 17] at the cusps.

Much less is known about the spectral universality for non-Hermitian models. In
the simplest case of the Ginibre ensemble, i.e. random matrices with ii.d. standard
Gaussian entries without any symmetry condition, explicit formulas for all corre-
lation functions have been computed first for the complex case [31] and later for the
more complicated real case [10, 49, 36] (with special cases solved earlier [43, 20, 21]). Be-
yond the explicitly computable Ginibre case only the method of four moment matching
by Tao and Vu has been available. Their main universality result in [54] states that the
local correlation functions of the eigenvalues of a random matrix X with i.i.d. matrix
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elements coincide with those of the Ginibre ensemble as long as the first four mo-
ments of the common distribution of the entries of X (almost) match the first four
moments of the standard Gaussian. This result holds for both real and complex cases
as well as throughout the spectrum, including the edge regime.

In the current paper we prove the edge universality for any n X n random ma-
trix X with centred i.i.d. entries in the edge regime, in particular we remove the
four moment matching condition from [54]. More precisely, under the normalization
Elzg|> = 1 the spectrum of X converges to the unit disc with a uniform spectral
density according to the circular law (32, 6, 51, 30, 7, 8]. The typical distance between
nearest eigenvalues is of order n~ /2. We pick a reference point z on the boundary of
the limiting spectrum, |z| = 1, and rescale correlation functions by a factor of n=1/2
to detect the correlation of individual eigenvalues. We show that these rescaled cor-
relation functions converge to those of the Ginibre ensemble as n — oo. This result
is the non-Hermitian analogue of the Tracy-Widom edge universality in the Hermit-
ian case. A similar result is expected to hold in the bulk regime, i.e. for any reference
point |z| < 1, but our method is currently restricted to the edge.

Investigating spectral statistics of non-Hermitian random matrices is considerably
more challenging than Hermitian ones. We give two fundamental reasons for this: the
first one is already present in the proof of the circular law on the global scale. The
second one is specific to the most powerful existing method to prove universality of
eigenvalue fluctuations.

The first issue a general one; it is well known that non-Hermitian, especially non-
normal spectral analysis is difficult because, unlike in the Hermitian case, the resol-
vent (X — 2)~! of a non-normal matrix is not effective to study eigenvalues near z.
Indeed, (X — z)~! can be very large even if 2 is away from the spectrum, a fact that
is closely related to the instability of the non-Hermitian eigenvalues under pertur-
bations. The only useful expression to grasp non-Hermitian eigenvalues is Girko’s
celebrated formula, see (14) later, expressing linear statistics of eigenvalues of X in
terms of the log-determinant of the symmetrized matrix

z 0 X -z
H _<X*—E 0 > 0

Girko’s formula is much more subtle and harder to analyse than the analogous ex-
pression for the Hermitian case involving the boundary value of the resolvent on the
real line. In particular, it requires a good lower bound on the smallest singular value
of X — 2z, a notorious difficulty behind the proof of the circular law. Furthermore,
any conceivable universality proof would rely on a local version of the circular law
as an a priori control. Local laws on optimal scale assert that the eigenvalue den-
sity on a scale n~1/2t€ is deterministic with high probability, i.e. it is a law of large
number type result and is not sufficiently refined to detect correlations of individual
eigenvalues. The proof of the local circular law requires a careful analysis of H* that
has an additional structural instability due to its block symmetry. A specific estimate,
tailored to Girko’s formula, on the trace of the resolvent of (H*)? was the main in-
gredient behind the proof of the local circular law on optimal scale [14, 16, 59], see
also [54] under three moment matching condition. Very recently the optimal local
circular law was even proven for ensembles with inhomogeneous variance profiles
in the bulk [3] and at the edge [4], the latter result also gives an optimal control on the
spectral radius. An optimal local law for H” in the edge regime previously had not
been available, even in the i.i.d. case.
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The second major obstacle to prove universality of fluctuations of non-Hermitian
eigenvalues is the lack of a good analogue of the Dyson Brownian motion. The es-
sential ingredient behind the strongest universality results in the Hermitian case is
the Dyson Brownian motion (DBM) [19], a system of coupled stochastic differential
equations (SDE) that the eigenvalues of a natural stochastic flow of random matri-
ces satisfy, see [27] for a pedagogical summary. The corresponding SDE in the non-
Hermitian case involves not only eigenvalues but overlaps of eigenvectors as well,
see e.g. [11, Appendix A]. Since overlaps themselves have strong correlation whose
proofs are highly nontrivial even in the Ginibre case [29, 1], the analysis of this SDE
is currently beyond reach.

Our proof of the edge universality circumvents DBM and it has two key ingre-
dients. The first main input is an optimal local law for the resolvent of H* both in
isotropic and averaged sense, see (13) later, that allows for a concise and transparent
comparison of the joint distribution of several resolvents of H* with their Gauss-
ian counterparts by following their evolution under the natural Ornstein-Uhlenbeck
(OU). We are able to control this flow for a long time, similarly to an earlier proof
of the Tracy-Widom law at the spectral edge of a Hermitian ensemble [41]. Note that
the density of eigenvalues of H* develops a cusp as |z| passes through 1, the spectral
radius of X. The optimal local law for very general Hermitian ensembles in the cusp
regime has recently been proven [22], strengthening the non-optimal result in [2]. This
optimality was essential in the proof of the universality of the Pearcey statistics for
both the complex Hermitian [22] and real symmetric [17] matrices with a cusp in their
density of states. The matrix H?, however, does not satisfy the key flatness condition
required [22] due its large zero blocks. A very delicate analysis of the underlying ma-
trix Dyson equation was necessary to overcome the flatness condition and prove the
optimal local law for H? in [3, 4].

Our second key input is a lower tail estimate on the lowest singular value of X — z
when |z| &~ 1. A very mild regularity assumption on the distribution of the matrix el-
ements of X, see (4) later, guarantees that there is no singular value below n 100, say.
Cruder bounds guarantee that there cannot be more than n® singular values below
n~3/4; note that this natural scaling reflects the cusp at zero in the density of states of
H?. Such information on the possible singular values in the regime [n =190, 1 =3/4]
is sufficient for the optimal local law since it is insensitive to n®-eigenvalues, but for
universality every eigenvalue must be accounted for. We therefore need a stronger
lower tail bound on the lowest eigenvalue A1 of (X — z)(X — 2)*. With supersym-
metric methods we recently proved [18] a precise bound of the form

x >< x4 ze™89)? X ~ Gin(R)

P (Al((X—z)(X—z)*) <2 N X ~ Gin(C), @

= 0372

modulo logarithmic corrections, for the Ginibre ensemble whenever |z| = 1 +
O(n~'/2). Most importantly, (2) controls \; on the optimal /2
excluding singular values in the intermediate regime [n =107, n=3/ 4=€] that was inac-
cessible with other methods. We extend this control to X with i.i.d. entries from the
Ginibre ensemble with Green function comparison argument using again the opti-
mal local law for H*.

scale and thus

Notations and conventions. We introduce some notations we use throughout the
paper. We write H for the upper half-plane H := {z € C | 3z > 0}, and for any
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z € C we use the notation dz := 27 !i(dz A dZ) for the two dimensional volume
form on C. For any 2n x 2n matrix A we use the notation (A) := (2n)~! Tr A to
denote the normalized trace of A. For positive quantities f, g we write f < g and
fr~ygif f <Cgorcg < f < Cg,respectively, for some constants ¢, C' > 0 which
depends only on the constants appearing in (3). We denote vectors by bold-faced
lower case Roman letters z, y € C¥, for some k € N. Vector and matrix norms, ||z ||
and || A||, indicate the usual Euclidean norm and the corresponding induced matrix
norm. Moreover, for a vector & € CF, we use the notation d& := dx . .. dxp.

We will use the concept of “with very high probability” meaning that for any fixed
D > 0 the probability of the event is bigger than 1 — n=" if n. > ng(D). Moreover,
we use the convention that £ > 0 denotes an arbitrary small constant.

We use the convention that quantities without tilde refer to a general matrix with
i.i.d. entries, whilst any quantity with tilde refers to the Ginibre ensemble, e.g. we use
X, {0}, to denote a non-Hermitian matrix with i.i.d. entries and its eigenvalues,

respectively, and X, {G;}_, to denote their Ginibre counterparts.

2. MODEL AND MAIN RESULTS

We consider real or complex i.i.d. matrices X, i.e. matrices whose entries are in-

. . c . d .
dependent and identically distributed as 4, = n~ /2y for a random variable x. We
formulate two assumptions on the random variable y:

Assumption (A). In the real case we assume that E xy = 0 and E x? = 1, while in the
complex case we assume Ey = E x? = 0 and Elle = 1. In addition, we assume the
existence of high moments, i.e. that there exist constants Cy, > 0 for each p € N, such
that

E’X’p < Cp- ®3)

Assumption (B). There exist o, 5 > 0 such that the probability density g: F —
[0, 00) of the random variable X satisfies

geL"(F),  llgll+a <0’ (@)
where F = R, C in the real and complex case, respectively.

Remark 1. We remark that we use Assumption (B) only to control the probability of a
very small singular value of X — z. Alternatively, one may use the statement

P(Spec(H*) N [-n~",n7"] = 0) < O™, 6)

for any | > 1, uniformly in |z| < 2, that follows directly from [55 Theorem 3.2] without
Assumption (B). Using (5) makes Assumption (B) superfluous in the entire paper, albeit at
the expense of a quite sophisticated proof.

We denote the eigenvalues of X by o1, ...,0, € C, and define the k-point corre-

lation function pén) of X implicitly such that

kF(zl,...,zk)p,(cn)(zl,...,zk) dz...dz
C

©)
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for any smooth compactly supported test function F': C*¥ — C, with ij € {1,...,n}
forj € {1,...,k} all distinct. For the important special case when  follows a stan-
dard real or complex Gaussian distribution, we denote the k-point function of the
Ginibre matrix X by p,(ﬁn’Gm(F)) for F = R, C. The circular law implies that the
1-point function converges

1 1
lim p™(z) = —1(z € D) = =1(]z| < 1
Jim pi7(2) = —1(2 € D) = —1(|2| < 1)

to the uniform distribution on the unit disk. On the scale n~1/2 of individual eigen-

values the scaling limit of the k-point function has been explicitly computed in the
case of complex and real Ginibre matrices, X ~ Gin(R), Gin(C), i.e. for any fixed

Z1y.vey 2k, W, ..., W € C there exist scaling limits pif")zk = pETOGg;(F)) for
F = R, C such that
. ,Gin(F)) w1 Wk ,Gin(F
Jl_g.lopén n(F) <21 okt W> :ng...,;;( Dwy,...,wp). @)

Remark 2. The k-point correlation function pg??,’,%r;(F)) of the Ginibre ensemble in both

the complex and real cases F = C, R is explicitly known; see [31] and [44] for the complex
case, and [10, 20, 28] for the real case, where the appearance of ~ nl/2 real eigenvalues
causes a singularity in the density. In the complex case pg??_’_??;(c)) is determinantal, i.e.
for any wy, ..., wg € C it holds

PO (. wy) = det (KLSEO) () )

1<i,j<k
(00,Gin(C)) .
where for any complex numbers 21, z2, w1, wa the kernel K, 2, (w1, wy) is de-
fined by
(i) For zq # 2o, Kéff;fi“(c”(wl, wz) =0.
(ii) For z1 = 29 and |z1| > 1, Ké(f,oz’fm(c))(wl,wg) =0.
(iii) For z1 = zp and |21| < 1,
(00,Gin(C)) 1l gl )
1 (w1, wq) = ;e 2 2 .

(iv) For z1 = zg and |z1| = 1,

2
_Jwgl

(00,Gin(0)) [1 + erf (—\/5(2111)_2 + w12'_2))} e 2 _%ﬂnw_g’

1

Kzl,zg (w17w2) = %
where

2

_\/7_T'Yz

for any z € C, with 7y, any contour from O to z.

erf(z) : et dt,

(00,Gin(R))

For the corresponding much more involved formulas for p; we refer the reader
to [10].
Our main result is the universality of pg??_’??;(R’C)) at the edge. In particular we

(n)

show, that the edge-scaling limit of p; ~ agrees with the known scaling limit of the
corresponding real or complex Ginibre ensemble.

Theorem 1 (Edge universality). Let X be an i.i.d. n x n matrix, whose entries satisfy
Assumption (A). Then, for any fixed integer k > 1, and complex spectral parameters
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21, - ..y 2k SUch that \zj\Q =175 =1,...,k and for any compactly supported smooth
function F': C* — C, we have the bound

LLpNW)P?<%+$%>—P9@MDNW)dWZCW%ﬂ, ®

where the constant in O(-) may depend on k and the C***1 norm of ', and ¢ > 0 is a
small constant depending on k.

2.1. Proof strategy. For the proof of Theorem 1 it is essential to study the linearized

2n x 2n matrix H? defined in (1) with eigenvalues A < --- < A3 and resolvent
G(w) = G*(w) := (H? — w)~!. We note that the block structure of H* induces a
spectrum symmetric around 0, i.e. A} = —A5 . 41 fori =1,...,n. The resolvent

becomes approximately deterministic as n — oo and its limit can be found by solving
the simple scalar equation

! I
- =0 = — -, GH, EH,
e eI C) w ©)

which is a special case of the matrix Dyson equation (MDE), see e.g. [1]. In the following
we may often omit the z-dependence of m?, G*(w), . . ., in the notation. We note that
on the imaginary axis we have m(in) = i3 (in), and in the edge regime |1— |2|? | <
n~1/2 we have the scaling [4, Lemma 3.3]

Vs <,

|z| > 1

1— 2
Si(in) ~ {‘ |2| | } < n—1/4 _|_771/3‘ (10)

N /
FLEE

For n > 0 we define

: Sm(in) . m(in) - —zu(in)
u=u*(in) i= ———"—, M = M*(in) = N . , (1
(in) n + Sm(in) (i) <—ZU(177) m(in) o
where M should be understood as a 2n x 2n whose four n x n blocks are all multiples
of the identity matrix, and we note that [4, Eq. (3.62)]
. . . 1
uin) S1, M) S 1, 1M )l S g (2
n
Throughout the proof we shall make use of the following optimal local law which
is a direct consequence of [4, Theorem s.2] (extending [3, Theorem s.2] to the edge
regime). Compared to [4] we require the local law simultaneously in all the spectral
parameters z, 7 and for 7 slightly below the fluctuation scale n~3/%. We defer the
proofs for both extensions to Appendix A.

Proposition 1 (Local law for H?). Let X be an iid. n X n matrix, whose entries
satisfy Assumption (A) and (B), and let H? be as in (1). Then for any deterministic vectors
x,y and matrix R and any & > 0O the following holds true with very high probability:
Simultaneously for any z with for |[1—|z|| < n='/2 and all n such that n=* < n < n'00
we have the bounds

WM“M%M%WMSWWMM@%m+%)
né||R|| (13)
(R(G= (i) = 2G| < 0,
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For the application of Proposition 1 towards the proof of Theorem 1 the special
case of R being the identity matrix, and «, y being either the standard basis vectors,
or the vectors 14 of zeros and ones defined later in (58).

The linearized matrix H* can be related to the eigenvalues o; of X via Girko’s
Hermitization formula (32, 54)

1 1
E;fzo(o-i) = m/cAfZO(z) log|det H,|dz

1 [e.e]
_— S 2 (i
47Tn/(;AfZO(Z)/O STrG*(in) dndz

for rescaled test functions f,(2) := nf(y/n(z — 20)), where f: C — C is smooth
and compactly supported. When using (14) the small 1 regime requires additional
bounds on the number of small eigenvalues A7 of H~?, or equivalently small singular
values of X — z. For very small 7, say n < n 109, the absence of eigenvalues below 7,
can easily be ensured by Assumption (B). For 7 just below the critical scale of n~%/%,
however, we need to prove an additional bound on the number of eigenvalues, as
stated below.

(14)

Proposition 2. Foranyn~' <n < n~3/*and Hz[Z — 1| < 012 we have the bound

Bl ) < ) < {770 log(an' ). X complr
il =1 ~ ’I’L3/4 X I

1, rea

(15)
né‘

+O0( 5

on the number of small eigenvalues, for any & > 0.

We remark that the precise asymptotics of (15) are of no importance for the proof
of Theorem 1. Instead it would be sufficient to establish that for any € > 0 there exists
§ > 0 such that we have E[{i | |\?| < n=3/47¢}| < n°.

The paper is organized as follows: In Section 3 we will prove Proposition 2 by a
Green function comparison argument, using the analogous bound for the Gaussian
case, as recently obtained in [18]. In Section 4 we will then present the proof of our
main result, Theorem 1, which follows from combining the local law (13), Girko’s Her-
mitization identity (14), the bound on small singular values (15) and another long-time
Green function comparison argument.

3. ESTIMATE ON THE LOWER TAIL OF THE SMALLEST SINGULAR VALUE OF X — 2

The main result of this section is an estimate of the lower tail of the density of the
smallest |A\?| in Proposition 2. For this purpose we introduce the following flow

dX; = —%Xt dt + %, (16)
with initial data Xg = X, where B, is the real or complex matrix valued standard
Brownian motion, i.e. By € R™*" or By € C™*", accordingly with X being real or
complex, where (b;),p in the real case, and v/2R[(bt) ap], v23[(b¢) ap] in the complex
case, are independent standard real Brownian motions for a,b € [n]. The flow (16)
induces a flow dx; = —x¢ dt/2 + db; on the entry distribution x with solution

t
i = e_t/QX + / 6_(t_8)/2 dbs, ie. Xt i e_t/QX + mg, (17)
0
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where g ~ N (0, 1) is a standard real or complex Gaussian, independent of x, with
E g2 = 0 in the complex case. By linearity of cumulants we find

(1—eMrijlg), i+j=2
0, else,

’{i,j(Xt) = 6*(i+j)t/2lii7j(x) + { (18)
where ; j(2) denotes the joint cumulant of 4 copies of 2 and j copies of T, in par-
ticular ko o(z) = ko2(z) = k11(z) = 1for z = x,g in the real case, and
ko2(2) = Kko0(x) = 0 # k1,1(z) = 1 for z = x, g in the complex case.

Thus (17) implies that, in distribution,

X; 4 e 12Xy + /1 —etX, (19)

where X is a real or complex Ginibre matrix independent of Xy = X. Then, we
define the 2n X 2n matrix H; = H7 as in (1) replacing X by X}, and its resolvent
Gi(w) = Gi(w) := (Hy — w)~!, for any w € H. We remark that we defined the
flow in (16) with initial data X and not H? in order to preserve the shape of the self
consistent density of states of the matrix H; along the flow. In particular, by (16) it
follows that H; is the solution of the flow

1 d
dHt:—§(Ht+Z)dt+ﬁ Hy=H = H* (20)

T

L 0 zl L 0 Bt
Z'_<EI 0)’ %t'_<B: 0)’

where I denotes the n X n identity matrix.

with

Proposition 3. Let R; := (Gy(in)) = i(SG4(in)), then for any n=* < n < n=3/4
it holds that

(673251/2 _ 673252/2)”5
’E[Rtg - Rtl” S n7/2774 ) (21)

for any arbitrary small £ > 0 and any 0 < t; < ty < 400, with the convention that

e =0.

Proof. Denote W, := H; 4+ Z. By (20) and Ito’s Lemma it follows that
dR 1 1
E—_gl|_= Z W (t)0a Ry + 3 Z ke(o, )00 0 Ry | (22)

where o, B € [2n]? are double indices, w,,(t) are the entries of W; and

ke(o, By, ... ) = K(wa(t), ws(t),...) (23)

denotes the joint cumulant of wq, wg, ..., and Oy := Oy, . By (18) and the indepen-
dence of x and g it follows that (v, ) = ko(a, ) for all a, B and

"it(a7517"'7ﬂj) (24)
Jjt+1

{e_tj#n_Tm,k(X) if o & [n]*Uln+1,2n]%, B € {a, '} Vi€ []]

0 otherwise,

for j > 1, where for a double index o = (a, b), we use the notation o := (b, a), and
I,k with ! + k = j + 1 denote the number of double indices among «, 31,. .., 3;
which correspond to the upper-right, or respectively lower-left corner of the matrix
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H. In the sequel the value of £y () is of no importance, but we note that Assump-
tion (A) ensures the bound [rx ;1 (X)| < >_ ;<4 Cj < oo for any k, [, with C; being
the constants from Assumption (A).

We will use the cumulant expansion that holds for any smooth function f:

K
e .
Bugfw) =Y Y A ’51;n! Pi) o, . 0 Fw) + QUK £),
m=0 B1,...,8mE[2n]?

(25)
where the error term Q( K, f) goes to zero as the expansion order K goes to infinity.
In our application the error is negligible for, say, X' = 100 since with each derivative
we gain an additional factor of n~1/2 and due to the independence (24) the sums of
any order have effectively only n? terms. Applying (25) to (22) with f = 0, Ry, the
first order term is zero due to the assumption E x, = 0, and the second order term
cancels. The third order term is given by

13
B n
Z ki(e, B, B2) El0a0p, O, Ru]| S € 3t/2n7/2774'

af1B2

(26)

Proof of (26). It follows from the resolvent identity that 0,G = —GA®G, where A®
is the matrix of all zeros except for a 1 in the a-th entry'. Thus, neglecting minuses
and irrelevant constant factors, for any fixed «, the sum (26) is given by a sum of terms
of the form

<GtAAﬂ C;tAfy2 GtAfYSGt% Y1,72,73 S {a7 Ck/}-

Hence, considering all possible choices of 1, 2, v3 and using independence to con-
clude that x¢ (v, 81, B2) can only be non-zero if 81, B2 € {a, o'} we arrive at

Z K:t(aa /81 ) 52) E[aaaﬁl 362Rt]
af1fB2

< o—3/2),=5/2 (

(27)

Z SE GcaGba GbaGbc

abc

+ 2 SECGeaGraGinGac

abc

Z SE GcabeGaaGbc > )

abc
where the sums are taken over (a,b) € [2n]? \ ([n]2 U [n + 1,2n]?) and ¢ € [2n],
and we dropped the time dependence of G = G for notational convenience.
We estimate the three sums in (27) using that, by (10), (12), it follows

_l’_

3 3
~ _ n n
Gap| S nﬁ’ |Gaal SSM A (G — M)aa| S 1/4 "’771/3 + n_77 S 71_77,

"The matrix A® is not to be confused with the Laplacian A f in Girko’s formula (14)
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from Proposition 1, and Cauchy-Schwarz estimates by

Z‘GcaGbaGbaGbc‘ < Z‘Gba’ \/Z‘Gca‘ \/Z’Gbc
abc
= Z\Gbar V(G @)aa V(GG
ab

1 13
_ ;Z\Gba\z\/(ga)aa\/(sc:)bb < n”—nQ S (GG
ab

and similarly

3
n
Z|GcaGbabeGac| 5 F Z|Gba|(%G)aa

abc
55/2
nl/2y 5/22 oV (3G)aa S e
and
GGG < T2 VD) /(SC <
%‘ cabbbGaa bc‘NTLZ—?]g% (\9 )aa (\9 )bb,\,n—774-

This concludes the proof of (26) by choosing & in Proposition 1 accordingly.
O

Finally, in the cumulant expansion of (22) we are able to bound the terms of order
at least four trivially. Indeed, for the fourth order, the trivial bound is e 2t since
the n? from the summation is compensated by the n~2 from the cumulants and the
n~! from the normalization of the trace. Morever, we can always perform at least
two Ward-estimates on the first and last G with respect to the trace index. Thus we
can estimate any fourth-order term by e =2 (nn) 2 < e 3t/2n=7/25~4 ‘and we note
that the power-counting for higher order terms is even better than that. Whence we
have shown that E|dR;/ dt| < e=3/2n~7/2;~* and the proof of Proposition 3 is

complete after integrating (22) in ¢ from ¢ to ts. O

Let X be a real or complex n X n Ginibre matrix and let H? be the linearized
matrix defined as in (1) replacing X by X. Let \; = )\ withi € {1,. 2n} be
the eigenvalues of H?. We define the non negative Hermitian matrix Y Y7 =
(X — z)(X — z)¥, then, by [18, Eq. (13¢)-(14)] it follows that for any < n —3/4 w
have

ETe[Y+7)] ' =E

> 1 <{n3/2(1+|10g(m74/3)|), Gin(C), o
n

=32 42 g1, Gin(R),

for X distributed according to the complex, or respective, real Ginibre ensemble.
Combining (28) and Proposition 3 we now present the proof of Proposition 2.
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Proof of Proposition 2. Let \;(t), with i € {1,...,2n}, be the eigenvalues of H; for

anyt > 0. Note that \;(0) = \;, since Hy = H?. By (21), choosing t; = 0,3 = +00
it follows that

2n
. 1
EHt\{ZH)\z‘\ﬁﬁ}ISW'EHt <%Z )
i=1

Ai —in
m iy (29)
~r (S i) <0 ()
for any £ > 0. Since the distribution of H is the same as H? it follows that
2n 1 N V1
Er. <2m> =2E;Tr [Y +7%] ",
and combining (28) with (29), we immediately conclude the bound in (15). O

4. EDGE UNIVERSALITY FOR NON-HERMITIAN RANDOM MATRICES

In this section we prove our main edge universality result, as stated in Theorem 1.
In the following of this section without loss of generality we can assume that the
test function F' is of the form

F(wlyawk):f(l)(wl)f(k)(wk), (30)

with f) ..., f®): C — C being smooth and compactly supported functions. In-
deed, any smooth function F' can be effectively approximated by its truncated Fourier
series (multiplied by smooth cutoff function of product form); see also [54, Remark
3]. Using the effective decay of the Fourier coefficients of F' controlled by its C2++1
norm, a standard approximation argument shows that if (8) holds for F' in the product
form (30) with an error O(n~°*)), then it also holds for a general smooth function
with an error O(n ™), where the implicit constant in O(-) depends on k and on the
C2?k+1_norm of F, and the constant ¢ > 0 depends on k.

To resolve eigenvalues on their natural scale we consider the rescaling f,,(2) :=
nf(v/n(z—z)) and compare the linear statisticsn =1 Y, £, (o) andn™1 Y, £5,(5:),
with o;, 7; being the eigenvalues of X and of the comparison Ginibre ensemble X,
respectively. For convenience we may normalize both linear statistics by their de-
terministic approximation from the local law (13) which, according to (14) is given
by

1 1
- Zi:fzo(o'i) ~ = /D [z (2)dz, (31)

where D denotes the unit disk of the complex plane.

Proposition 4. Let k € N and 21, ..., z; € C be such that |zj|2 = 1forall j € [k,
and let fV ... ) be smooth compactly supported test functions. Denote the eigen-
values of an i.i.d. matrix X satisfying Assumptions (A)-(B) and a corresponding real or
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complex Ginibre matrix X by {o;}7_,, {&;}_,. Then we have the bound

Al (i5 e fos)

1= . 1 .
o LD ChH R fz(?’(z)dz>
{CE I

for some small constant c(k) > 0, where the implicit multiplicative constant in O(-)
depends on the norms |AfD)||, j =1,2,... k.

(32)
= O0(n~®),

Proof of Theorem 1. Theorem 1 follows directly from Proposition 4 by the definition
of the k-point correlation function in (6), the exclusion-inclusion principle and the

bound
1
—/ fa(2)dz| S1
™ JD

The remainder of this section is devoted to the proof of Proposition 4. We now fix

O

some k € N and some z1, ..., 2z, fV, ..., f*) as in Proposition 4. All subsequent
estimates in this section, also if not explicitly stated, hold true uniformly for any z in
an order n~1/2 -neighborhood of 21, ..., z;. In order to prove (32), we use Girko’s

formula (14) to write
1o~ 1 A A A , ,
P e [ @a =1+ 1) 10,
n i1 ™ JD
where
. 1 .
v ::—/ A9 ()1 H? —iT
1 py— [z (2) log|det( i7)|d»
1= =5 [ ary / [(SG=(in)) — S (in)] dnd
1= 5= [ sy / (S (in)) — S0 (in)] d

G ._ 1 () Py 1
I +27T/CAij (z)/T (Jm (in) — 77+1>d77dz

with 79 := n~3/479, for some small fixed § > 0, and for some very large T' > 0, say
T := n'%, We define I fj ), f;ﬂ ), fé] ), 1 AEJ ) analogously for the Ginibre ensemble by
replacing H? by H? and G* by G*.

Proof of Proposition 4. The first step in the proof of Proposition 4 is the reduction to
a corresponding statement about the /3-part in (33), as summarized in the following
lemma.

Lemma 1. Let K > 1, let I?El), . I(k) be the integrals defined in (33), with ng =
n~3/4=0, for some small fixed § > 0, and let I A(l) . ,fgk) be defined as in (33) replacing
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m? with m?. Then,

k 1 n A 1 A k 1 n
ENTT( > ) —— | f9) dz) - <— -~ [ 120) )
(53— 0 11 )

j=1 i=1

k

k
—E HI?(,]) o Hj;)]) +0 (nfcz(k,5)> ’
j=1

(34)
for some small constant co(k,0) > 0.

In order to conclude the proof of Proposition 4, due to Lemma 1, it only remains
to prove that

H 1) H i =0 (”70(@) : (35)

for any fixed k with some small constant ¢(k) > 0, where we recall the definition of
I3 and the corresponding fg for Ginibre from (33). The proof of (35) is similar to the
Green function comparison proof in Proposition 3 but more involved due to the fact
that we compare products of resolvents and that we have an additional n-integration.
Here we define the observable

2= TLI90 =TT (-5 [8196) [ sttt - aa-n) anas ).

JE[K] JE[K]
(36)

where we recall that GF (w) := (H7 — w)~! with Hf = H; as in (20).

Lemma 2. Foranyn~' < ny < n=%*and T = n'% and any small € > 0 it holds
that

B B né ,
E[Z, — Z4]| < <€ e 3t1/2> 523 HHAf(])H1 (37)
j

uniformly in 0 < t; < to < 400 with the convention that e~ = (.

Since Zy = []; Iéj ) and Zs, = I1; A(] ) the proof of Proposition 4 follows di-
rectly from (35), modulo the proofs of Lemmata 1—2 that will be given in the next two
subsections. (]

4.1. Proof of Lemma 1. In order to estimate the probability that there exists an
eigenvalue of H” very close to zero, we use the following proposition that has been
proven in [3, Prop. 5.7] adapting the proof of [9, Lemma 4.12].

Proposition 5. Under Assumption (B) there exists a constant C' > 0, depending only on
o, such that
P | min |A]] < < CuTreanlT (38)
1€[2n)]
forallu > 0and z € C.

In the following lemma we prove a very high probability bound for I U ), L éj ), 1 ?Ej ),

1, ij ). The same bounds hold true for ffj ), f;j), féj), Zij) as well. These bounds in

the bulk regime were already proven in [3, Proof of Theorem 2.5, the current edge
regime is analogous, so we only provide a sketch of the proof for completeness.
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Lemma 3. For any j € [k] the bounds

nEAfD
T2

nl|AF9,

)

(39)
hold with very high probability for any & > 0. The bounds analogous to (39) also hold for
7@

has

7 < D+ <l afO) 1) <

Proof. For notational convenience we do not carry the j-dependence of [ l(j ) and @),
and the dependence of \;, H, G, M, m on z within this proof. Using that

A2
log|det(H —iT")| = 2nlog T + Z log (1 + T_j2> ,
Jj€ln]

we easily estimate | I | as follows

1 .
0| = 'm/cAfzj(z) log|det(H — iT)| d=

1 T H? | _ nAf],
N E/C’Afzj(z)‘TdZ N 1z

for any £ > 0 with very high probability owing to the high moment bound (3). By (9)

it follows that |Sm*(in) — (7 + 1)~ ~ n~2 for large 7, proving also the bound on

14 in (39). The bound for I3 follows immediately from the averaged local law in (13).
For the [5 estimate we split the n-integral of Sm?*(in) — Im?(in) in I3 as follows

0
/ (G (in) — M*(in)) dn (40)
0
1 mY , 1 m (PN
= Z 10g<1+ﬁ>+ﬁ Z 10g<1—|—ﬁ -, Sm*(in) dn,
\Ai|<n*l ¢ |>\1‘|Zn7l v

where [ € N is a large fixed integer. Using (10) we find that the third term in (40) is
bounded by n=1-9, Choosing [ large enough, it follows, as in [3, Eq. (5.35)], using the
bound (38) that

1 % —14€
- E log (14+ 15 ) <n 7%, (41)
n A

[Ai|<n—! ¢

with very high probability for any £ > 0. Alternatively, this bound also follows
from (5) without Assumption (B), circumventing Proposition 5, see Remark 1. For the
second term in (40) we define 11 := n~3/4*t¢ with some very small £ > 0 and using
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log(1 + x) < = we write

77(2) 778 2 1
Z log<1+v>: Z log<1+ﬁ>+no Z )\—12

|Ai|>n—t n=t<|\|<nd/ 2 ! |\s|>n8/2n,

. 1

SHil N <n'Pao}| -logn+ng > <5

|A\;|>nd/2py "
2, 5+2¢

n m
< (log n)n%/3 4 7
( ) m Z A2 4+ 77%

INi|>nd/2pg

< (log n)n4§/3 + nl_‘snl(%Gz (im)) < n% 4 p 0%
(42)

by the averaged local law in (13), and (SM*Z(iny)) < 77%/ 3 from (10). Here from the
second to third line in (42) we used that

2
. n
(i | |\l < 0?0} < Z

e = SEm) < n*P )
7 1

again by the local law. By redefining &, this concludes the high probability bound on
I5 in (39), and thereby the proof of the lemma. O

In the following lemma we prove an improved bound for /. 2(j ), compared with (39),
which holds true only in expectation. The main input of the following lemma is the
stronger lower tail estimate on )\;, in the regime |\;| > n~!, from (15) instead of (43).

Lemma 4. Let Iéj ) be defined in (33), then
E|1"| S n = afD,, 4
forany j € {1,...,k}.

Proof. We split the n-integral of Im?(in) — Sm?(in) as in (40). The third term in
the r.h.s. of (40) is of order n—1-40/3, Then, we estimate the first term in the r.h.s.
of (40) as

1 773 778 —1
E - Z 10g<1+p> §E[10g<1+P 1\ <n™) (45)

il <n—! : !
S Elllog \i[1(A\ < )]
er o «@
= / P\ <eh)dt < n5+1+12+76712+73,
llogn

where in the last inequality we use (38) with u = e~'n. Note that by (15) it follows
that

E‘{z S| < n5/2770}‘ <n72, (46)
Hence, by (46), using similar computations to (42), we conclude that
1 ne logn
_ A < 2
E - Z log <1+)\?> S (47)

‘)\ilznfl
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Note that the only difference to prove (47) respect to (42) is that the first term in the
first line of the r.h.s. of (42) is estimated using (46) instead of (43). Finally, choosing
1> a 134 B)(1+ a) + 2, and combining (45), (47) we conclude (44). O

Equipped with Lemmata 3—4, we now present the proof of Lemma 1.

Proof of Lemma 1. Using the definitions for [ fj ), Iéj ), I?Ej ), ) ij ) in (33), and similar
70) ’I;(J') jgj) 7

definitions for /; 4, we conclude that

k k
—E H([(] +[(] +[(] +IJ)) H< ltgj)+j;(»,j)+j}1j))

7=1
=E H[(J H E [] o550
| j=1 j=1 J1+J2+J3+J4 k, 1=1,
>0, jz3<k 1=1,2,3,4

_ Z H “122)“(23)“114)

J1 +]2+]3+]4 k,

>0, j3<k = 12 3 4
Then, if jo > 1, by Lemma 3 and Lemma 4, using that T = 1'% in the definition of
I fj ), Y § i D in (33), it follows that
Ju Jitian (k=ja=1¢ TTF 1A £0)
(i) 7(i2) 7(is) () < V7T [ AN s
E H1 VISP I < T < pe2(k8)
l:ZfQ,?’,A

for any j1, j3, ja > 0, and a small constant ¢(2k, ) > 0 which only depends on &, ¢.
If, instead, jo = 0, then at least one among j; and j4 is not zero, since 0 < j3 < k—1
and j1 + jo + j3 + ja = k. Assume j; > 1, the case j4 > 1 is completely analogous,
then

Ji

5[] Ko <
=1,

1=1,2,3,4

TP k ‘
1 ia g (k=a)€ Hj:l”Af(J)Hl —ca(k,9)
T2j1+j4 =n

T(i1) f(iz) j(iS) ’j(i4)

Since similar bounds hold true for 1,7, I5~", I3, I, as well, the above inequal-
ities conclude the proof of (34). O

4.2. Proof of Lemma 2. We begin with a lemma generalizing the bound in (39) to
derivatives of I. éj ),

Lemma 5. Assume n~! < n9 < n=3*and fix | > 0, j € [k] and a double index
a = (a,b) such that a # b. Then, for any choice of v; € {a, o’} and any € > 0 we
have the bounds

1901 5 A7)

1

where a,ly = 0y, ... 0y, with very high probability uniformly in t > 0.

k n & N
IS 0oy - L [ 40 IR Y S T NVE O B
B jHl<n§_:fzf o) -2 [ 11 (Z)dz> H(an -1 [ 19

)
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Proof. We omit the ¢- and z-dependence of G7, m* within this proof since all bounds
hold uniformly in ¢t > 0 and |z — z;| < n~'/2. We also omit the 7-argument from
these functions, but the 1-dependence of all estimates will explicitly be indicated.
Note that the I = 0 case was already proven in (39). We now separately consider
the remaining cases | = 1 and I > 2. For notational simplicity we neglect the n¢
multiplicative error factors (with arbitrarily small exponents & > 0) applications of
the local law (13) within the proof. In particular we will repeatedly use (13) in the form

1, a=b+n (mod 2n), I
[Ga| S ( ) Gy = m + O(¢),
Y, aZb+n (mod 2n), (49)
] € min{1,n'/? + 0”11},
where we defined the parameter

. 1 n 1
T nn n1/2771/3'

Case | = 1. This follows directly from

T 1 T T _ .
/ (Ga%Gyan| = et [ G2, ay| = 19D = Clim)a
o n M0 n
1 1
5—4‘ 1(a—b+n (mod 2n)),
770 n

where in the last step we used ||G(iT)|| < T~! = n=1% and (49) Since this bound
is uniform in z we may bound the remaining integral by n||A f\7)|,, proving (48).

Case | > 2. For the case [ > 2 there are many assignments of % ’s to consider, e.g.

(GAPGAPG) = Z GeaGraGre, (GAPGAMG) = Z Gea Gt Gae,
(GAPGAMGAYG) = Z GeaGypGaaGies

(GAabGAbaGAbaG Z GcabeGabGac

but all are of the form that there are two GG-factors carrying the independent sum-
mation index c. In the case that a = b+n (mod 2n) we simply bound all remaining
G-factors by 1 using (49) and use a simple Cauchy-Schwarz inequality to obtain

. ) 1 T
115 [18r9C1 [ (Gal +16ul) dndz 6o
c Sy <

Now it follows from the Ward-identity
3G
GG* = @G =" (51)
n
and the very crude bound |Ggq| S 1 from (49) and [m] < 1, that

T1(SG) aa G 1
/ Z |Gcb| +|Geal > / [(SG)aa| +(S )bb| / 5dn < logn.
m ¢

70 n no

By estimating the remaining z-integral in (50) by n ‘ ‘ AfO) H the claimed bound in (48)
fora = b+ n (mod 2n) follows.
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In the case @ # b+ n (mod 2n) we can use (49) to gain a factor of ¢ for some
G yp or Gy, — e in all assignments except for the one in which all but two G-factors
are diagonal, and those G4, Gpp-factors are replaced by m. For example, we would
expand

GcabeGaaGbc = mZGcaGbc + chaGch(d}) + GcaGch(wQ)a

where in all but the first term we gained at least a factor of ). Using Cauchy-Schwarz
as before we thus have the bound

. ALY T
i s [ BEON 05 (10 + 6ul?) a

0 c

T
/ (7)1 (G?)aa i

70

(52)

- -

/n j<m>“<a2>ab an dz,

where, strictly speaking, the second and third terms are only present for even, or
respectively odd, [. For the first term in (52) we again proceed by applying the Ward
identity (s1), and (49) to obtain the bound

/T¢Z<\Gcb\2+\Gca!2) dn:/Tw|(SG)“a|+|(SG)bb|d77

70 c 10 n

T 1/3
< (Y +1 )d < logn

- 7 (nmo)?”

For the second and third terms in (52) we use iG? = G’, where prime denotes 0, and
integration by parts, |m/| < 77_2/ 3 from (12), and (49) to obtain the bounds

T T
/ (m)l—l(GQ)aadn‘g / m'(m)l—QGaadn‘
70 0
+ | (@ (in0)) L G(i10) aa | + [(MAT)) " G(HT) g
T / -1 T / 1
<|[ wmy- dn'+ A+ ———
/no 0 nt/4(nng)
logn
Nn1/4(nn0)
and

/n L) P dn‘ <

0

T
[ )G dn‘
Ul

0

+ [(m(ino))' " G(ino)as| + |(M(T))' ™ GUT ) ab

T
1
/770 ] nt/4(nmo) ~ /4 (np)

In the explicit deterministic term we performed an integration and estimated

logn

T
[y dn‘ S ldim)| + [RAT)| S n~! 4 =10 < n /2,
0

The claim (48) for [ > 2 and a # b + n (mod 2n) now follows from estimating the
remaining z-integral in (52) by nHA o) H .- O
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Proof of Lemma 2. By (20) and Ito’s Lemma it follows that

dz
E—r=E ——Zwa )0aZi + 5 Znt B)0adsZi| . 3

where we recall the definition of k¢ in (23). In fact, the point-wise estimate from
Lemma 5 gives a sufficiently strong bound for most terms in the cumulant expansion,
the few remaining terms will be computed more carefully.

In the cumulant expansion (25) of (53) the second order terms cancel exactly and
we now separately estimate the third-, fourth- and higher order terms.

Order three terms. For the third order, when computing 0,03, 93, Z; through the
Leibniz rule we have to consider all possible assignments of derivatives Oy, 03, , O3,
to the factors I3 (1) ooy g *) Since the particular functions f/) and complex param-
eters z; play no role in the argument, there is no loss in generality in considering only

the assignments

< 0, 81,8213 )HI3 ) <0461 ())(6 I( )>H1§j),

j>1 B
<6a[§1)> <651]§2)> (852I§3)) gf?gj)

for the second and third term of which we obtain a bound of

SR OB (EVEINESD ol § (VRN

a=b+n jJ aZzb+n j

(54)

née—3t/2 ‘
Z- ()
< Sy LLIA7

using Lemma 5 and the cumulant scaling (24). Note that the condition a # b in the
lemma is ensured by the fact that for a = b the cumulants x¢(c, 81, ... ) vanish.

The first term in (54) requires an additional argument. We write out all possible
index allocations and claim that ultimately we obtain the same bound, as for the other
two terms in (54), i.e.

e—3t/2 |Af ‘
7D
|3 ki Br. 200,05, |Nng/2/C Bl

aBi B2 ¢ s (55)
nse” 1
S —a 1A,
n o
where
T T
J3 = / Z(GQ)abGabGab d?] + / Z(GQ)aabeGab d77
0 qp - ap (56)
. 5
+ Z(GQ)abGaabe d77 .
0 ab

Proof of (55). Compared to the previous bound in Lemma 5 we now exploit the a, b
summation via the isotropic structure of the bound in the local law (59). We have the
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simple bounds

|(x, \sGa:>|
]|
1
[z, G?y)| < ;\/@,%G@(y,%Gw < nf|z|l]|ylny?

< ||+ nf S npy?,
(57)

as a consequence of the Ward identity (s1) and using (13) and (10). For the first term
in (56) we can thus use (57) and (51) to obtain

T
/ > (GHapGapGap dy Sn/ mszIGabl dn
- gb 70
nﬁ/ n¢2z ‘SG aad
0 a n

T 3
,Sng/ n31/14d77§—n3.
70 nmn

0
For the second term in (56) we split Gy, = m + O()) and bound it by
T
/ Z(Gz)aabeGab d77
n0 b

T
nﬁ/ ¢Z|(G2)aaGab|d"7+ / mz aa eaaGl (a)>d77
0

Sng/ 31252 1/’2\/ (SQ)s \/1+,%G1+>+(1,%G1>>dn
10 n

T nf
<k / <n3¢4 + n5/21/)3) dn < —
10 ny

0
where e, denotes the a-th standard basis vector,
1, :=(1,...,1,0,...,0), 1_:=(0,...,0,1,...,1) (58)
are vectors of n ones and zeros, respectively, of norm ||14|| = y/n and s(a) = —
fora < m, and s(a) := + for a > n. Here in the second step we used a Cauchy-

Schwarz inequality for the a-summation in both integrals after estimating the G-
terms using (57). Finally, for the third term in (56) we split both G4, = m + O(3))
and Gy, = m + O(v) to estimate

T
/ Z(Gz)abGaabe d77
0 ab
T
< [ 3¢4dn+2/ leas Lyl dn+ [ 17204, G21 )] dn
10 o
¢ T 2.2 ¢
S 2t [wyta et [y
N 10 10 1+77 n770

using (57). In the last integral we used that || < (147) ! to ensure the integrability
in the large 7-regime. Inserting these estimates on (56) into (55) and estimating the
remaining integral by nHA f H | completes the proof of (s5). O
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Order four terms. For the fourth-order Leibniz rule we have to consider the assign-
ments

<604751,B2,B3I§1)> H I(j)’ <8a,ﬁl,62]§1)> <8531§2)) H I(j),
i>1

j>2

<5a,/3lf:»(,1)) (362,5319(,2)) jl:[Qfs(,j)7 <8a,61[3(>1)) (55219(,2)) <5531§3)> ]1;[3[ 28

<aa,51]§1)) (8521352)) <aﬁ2I§3)> <aﬁ31§4)) H I(j)a
>4
for all of which we obtain a bound of
iy (RN
iy
again using Lemma 5 and (24).

Higher order terms. For terms order at least 5, there is no need to additionally gain
from any of the factors of I3 and we simply bound all those, and their derivatives, by
né using Lemma s. This results in a bound of n¢~(=4)/2¢—1/2 Hj HAf(j) Hl for the
terms of order /.

By combining the estimates on the terms of order three, four and higher order
derivatives, and integrating in £ we obtain the bound (37). This completes the proof
of Lemma 2. O

APPENDIX A. EXTENSION OF THE LOCAL LAW

Proof of Proposition 1. The statement follows directly from [4, Theorem s5.2] if n >
no := n~3/4F¢, For smaller 1y, using 9,,G (in) = iG?(in), we write

(@, [Gim) — M(im)ly) = (. [Clino) — M(ino)ly)
i [ ) - g an
70

and estimate the first term using the local law by n~ 14+, For the second term we
bound

\(, G2)| < v/{@, G*G)(y, G-Gy) = %ww,saxxy,%aw,

1
[z, M'y)| < llzlllyll =75
23

from || M'|| < (S7)~2 and (10), and use monotonicity of  — n(x, IG(in)z) in
the form

o N onie/3
Se, Glin)z) < e, SGm)a) < ol (F -+ b ) < el

After integration we thus obtain a bound of ||| ||y||n*¢/3 /(nn;) which proves the
first bound in (13). The second, averaged, bound in (13) follows directly from the first
one since below the scale n < n~3/4 there is no additional gain from the averaging,
as compared to the isotropic bound.

In order to conclude the local law simultaneously in all z, 7 we use a standard grid
argument. To do so, we choose a regular grid of 2’s and 7)’s at a distance of, say, n ™3
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and use Lipschitz continuity (with Lipschitz constant n?) of (1, z) +— GZ(in) and a
union bound over the exceptional events at each grid point. U
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